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UNIT 13 Modelling with non-linear 
differential equations 


Study guide for Unit 13 


This is the last unit in this course devoted to the analytical solution of 
ordinary differential equations. We considered the solution of first-order 
differential equations in Unit 2, then in Unit 3 we looked at linear constant- 
coefficient second-order differential equations, and in Unit 11 we studied 
simultaneous systems of both first-order and second-order linear differential 
equations. In this unit, we shall be looking again at systems of first-order 
differential equations, but we shall be concentrating on systems which are 
non-linear. 


You will need to be familiar with the techniques developed in Unit 10 for 
finding eigenvalues and eigenvectors, and in Unit 11 for the solution of 
systems of first-order linear differential equations. 


We recommend that you study one section per study session. However, 
the main ideas of this unit are developed in the first two sections. You 
could sensibly decide to spend two study sessions on Section 1, spending 
one study session on Subsections 1.1 to 1.3, and the second study session 
on Subsections 1.4 to 1.6. If you are short of time, you should devote more 
time to the first two sections than to the later sections. You will need to use 
your computer for Section 4, which is entirely devoted to computer activities 
using the computer algebra package for the course. 

The material discussed here is introduced in the context of the interaction of 
animal populations, but it is applicable to many areas involving systems of 
non-linear differential equations. The motion of pendulums is also discussed. 


Unit 13 Modelling with non-linear differential equations 


Introduction 


In this unit we study the mathematical models associated with two physical 

systems: 

e the growth of two interacting populations, one a predator and the other 
its prey; 

e the motion of a rigid pendulum. 


At first sight these systems appear to be unrelated, but each can be sensibly 
modelled by a non-linear differential equation or a system of such equations. 


e The interaction between two populations is modelled by the Lotka-— 
Volterra equations 


sate(i-$), 9--m(t- 3) 


where h, k, X and Y are known constants, and « = x(t) and y = y(t) 
represent the two population sizes at time t. 


e The unresisted motion of a rigid pendulum is modelled by the second- 
order differential equation 


%+w*sinx = 0, 


where w is a constant and x = x(t) is the angle the pendulum makes 
with the downwards vertical at time t. 


When you studied linear differential equations in Units 2, 8 and 11, the em- 
phasis was on finding an explicit equation for the solution. For non-linear 
equations this is rarely possible; even when it is possible, the solution is 
usually difficult to interpret. As we shall see in Unit 26, it is often possible 
to find a solution using a numerical method, but such a method may give 
a solution that is equally difficult to interpret — and this will also be true 
for any graphs that the solution produces. For these reasons, when study- 
ing a system of non-linear differential equations, we often concentrate on 
a qualitative approach; that is, we try to obtain useful information about 
the solution, rather than trying to find the solution itself. This information 
may be in the form of a diagram. For the Lotka—Volterra equations, we look 
at the paths defined by (x(t), y(t)) in the (a, y)-plane. In the case of the 
pendulum, we again discuss paths in the plane, but while one axis is still 
used to represent x(t), the second axis is used for #(t), so that paths are 
defined by (a(t), @(t)). 


We shall see that a common feature of these two models is the relevance of a 
constant solution, which, in each case, describes an equilibrium state of the 
system. For example, a constant solution x(t) = X, y(t) = Y to the Lotka— 
Volterra equations describes a situation where the two populations are in 
equilibrium. Near such a solution, we shall see that some useful information 
can be obtained by replacing the original non-linear equations by linear 
approximations to the differential equations. The equilibrium states and 
the behaviour of the system when it is nearly in equilibrium play a major 
part in obtaining a qualitative overview of the behaviour of the model. 


We begin in Section 1 with the Lotka—Volterra equations, which apply to 
a pair of interacting populations, and see how these equations can be lin- 
earized near an equilibrium state. The resulting systems of linear differential 
equations were discussed in Unit 11, but here, in Section 2, we concentrate 
on the graphical representation of the solutions. Section 3 looks at models 
for the motion of a pendulum: second-order differential equations are trans- 
formed to systems of first-order equations, and the techniques developed 
earlier in the unit are applied to find and interpret graphical solutions. 
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The equations are non-linear 
because of the zy terms. 


The equation is non-linear 
because of the sina term. 


We use the notations 

x or x(t), & or &(t), etc., 
interchangeably to suit the 
context. 


Section 1 Modelling populations of predators and prey 


One feature of all the differential equation models that appear in this unit 
is that the independent variable, usually t, does not appear explicitly in the 


differential equation, and the system takes the form The important point is that 
. the functions on the 
&=u(z,y), right-hand sides of these 
y = v(2,y). differential equations are 


independent of t. 
Systems of this form, where t does not appear explicitly, are said to be 


autonomous. 


1 Modelling populations of predators and 
prey 


In this section we shall develop a model for the first type of system listed 
in the Introduction: populations of a predator and its prey. A predator 
population depends for its survival on there being sufficient prey to provide 
it with food. Intuition suggests that when the number of predators is low, 
the prey population may increase quickly, and that this will result in turn in 
an increase in the predator population. On the other hand, a large number 
of predators may diminish the prey population until it is very small, and this 
in turn will lead to a collapse in the predator population. Our mathematical 
model will need to reflect this behaviour. 


It is not possible to find algebraic solutions to all such models, so we shall 
introduce you to a geometric approach, based on the notion that a point 
(x,y) = (x(t), y(t)) in the plane may be used to represent two populations 
x = x(t) and y = y(t) at time t. As t increases, the point (x, y) = (x(t), y(t)) 
will trace a path that represents the variation of both populations with time. 
In particular, we shall discuss the equilibrium values for such a system, and 
a linear approximation to the system near these equilibrium values. 


1.1 Exponential growth of a single population 


Before we consider a system of two interacting populations, we shall first 
develop a simple continuous model of the growth of a single population, 
which is called the exponential model. This will allow us to develop some of 
the concepts of population models in a simpler context. 


Here we model the population size x, which we shall usually simply refer 

to as the population x (omitting the word ‘size’), as a function of time t. 

This function cannot take negative values (since there are no negative pop- 

ulations), but we shall allow it to take the value zero. We shall normally 

assume that ¢ is measured in years. We deal with a continuous model, rather A population x can take only 
than a discrete one, so the derivative « represents the rate of increase of the integer values, so we say (as 
population, which we shall often refer to as the growth rate (even when, in Unit 1) that « is a discrete 
if ¢ < 0, it actually represents a decay rate — compare the use in mechan- ee 


5 fs | oh? foth oh th ‘ 1 a convenient to approximate a 
ics of ‘acceleration’ to cover both of the everyday terms ‘acceleration’ and discrete variable by a variable 


‘deceleration’). that can take any real value, 
, 5 ‘ ferred to as ti 3 
In the exponential model, we make the assumption that the growth rate « eeelie ee 


is proportional to the current population x. (This means that if the growth 
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rate is 20 per year when the population is 100, then the growth rate will be 
40 per year when the population is 200, the growth rate will be 60 per year 
when the population is 300, and so on.) This assumption leads directly to 
the differential equation 


t=kx (x >0), (1.1) 


where k is a constant. If k& is positive, then x is an increasing function of 
time, while if & is negative, then x is decreasing. 


Exercise 1.1 


Under what circumstances is it reasonable to assume that the growth rate 
of a population is proportional to the current population? 


In Unit 2 you saw that a differential equation like Equation (1.1) can be 
described by a direction field. The graph of a solution is a curve whose tan- 
gent at any point has a slope that is equal to the value of the direction field 
at that point (see Figure 1.1). However, Equation (1.1) can be solved ex- 
plicitly. Choosing a value for the population x(t) at time t = 0, for example, 
x(0) = 2, gives the solution 


a(t) = ape (x >0), (1.2) 


which is an exponential function. If the constant k is positive, the population 
is increasing. If k is negative, the population is decreasing. This difference is 
demonstrated by comparing the graphs of the functions e’ and e~‘, for t > 0, 
as shown in Figure 1.2. We may describe the two situations as exponential 
growth and exponential decay, although we could say that the latter case 
is merely exhibiting ‘negative growth’. For this reason we refer to Equa- 
tion (1.1) as the exponential differential equation, or, when applied to 
a population, the exponential model. 


The proportionate growth rate «/x represents the rate of increase of 
the population per unit of the current population, and may be considered 
as the difference between the birth and death rates per head of population. 
It may be positive (for a growing population in which the birth rate exceeds 
the death rate), negative (for a declining population in which the death rate 
exceeds the birth rate) or zero (for a static population in which the birth 
and death rates are equal). In the case of the exponential model (1.1), we 
have «/a = k, so the proportionate growth rate is constant. (We previously 
assumed that « > 0. While talking about proportionate growth rate, we 
exclude the possibility that 2 takes the value zero.) 


Exercise 1.2 


Can you suggest any reason why the assumption that the proportionate 
growth rate «/x is constant is unrealistic for real populations? 


The exponential model is fairly accurate for many populations in a state 
of rapid increase, but it can be reasonable only over a restricted domain of 
validity. As a model of the behaviour of increasing populations over longer 
periods of time, the exponential model is clearly unsatisfactory because it 
predicts unbounded growth. However, in this unit we shall not revise our 
first (simple) model to give a more realistic description of the growth of a 
single population. 
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Figure 1.1 Direction field for 
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1.2 A first model for populations of rabbits and foxes 


In the rest of this section we shall be concerned with developing models for 
populations of rabbits (the prey) and foxes (the predators). Our purpose 
is to determine how these populations evolve with time. At a particular 
time t, we suppose that these populations are x(t) and y(t), respectively. 
We represent this system by a point in the (x, y)-plane. The evolution of the 
two populations can be represented as a path, as shown in Figure 1.3, where 
the directions of the arrows on the path indicate the directions in which the 
point (x(t), y(t)) moves along the path with increasing time. However, this 
type of representation does not show how quickly or slowly the point moves 
along the path. 


In our mathematical model we make the following assumptions. 

e There is plenty of vegetation for the rabbits to eat. 

e The rabbits are the only source of food for the foxes. 

e Anencounter between a fox and a rabbit contributes to the fox’s larder, 


which leads directly to a decrease in the rabbit population and indirectly 
to an increase in the number of foxes. 


We may, for convenience, measure the populations in hundreds or thousands, 
as appropriate, so that we are able to use quite small numbers in our models. 


We begin by examining a very simple model which generalizes the exponen- 
tial model that we used for a single population in the previous subsection. 
This simple case has the advantage that we can determine easily an algebraic 
solution, and we use it to investigate the geometric approach. 


As a first model, we assume that the populations are evolving independently 
(perhaps on separate islands). Because there are no interactions, the popu- 
lations may be modelled by the pair of equations 

i= ke, 


1.3 


where k and h are positive constants. The condition (x > 0,y > 0) applies 
here, as well as in similar situations throughout the unit, to the first equation 
& = ka, as well as the second equation y = —hy. 


The first equation models a colony of rabbits not affected by the predation 
of foxes, growing exponentially according to a rule of the form 


a(t) = Ce™, 


where C is a positive constant representing the initial rabbit population. 


*Exercise 1.3 


Determine a formula for the population y(t) of foxes. How would you inter- 
pret this solution for the population of foxes? 


Equations (1.3) form a system of linear differential equations which you 
met in Unit 11. Using vector notation, the pair of populations may be 
represented by the vector x = [a y]’. The system of equations (1.3) then 
becomes the vector equation 


=[i]= [tn] a 


It is helpful now to introduce the notion of a vector field, which is simi- 
lar to a direction field. In a plane, a direction field associates a direction 


YA 


(x(t), y(t)) 


Rv 


0 


Figure 1.3 


Each of these equations has 
an exponential function as its 
general solution. 


When t = 0, 7 =C. 


Vector fields are discussed in 
more detail in Unit 23. 
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f(x,y) with each point (2,y), whereas a vector field associates a vector 
u(x, y) with each point (x,y). For example, if u(a,y) = [2x 3y +2)", then 
u(1,2) =[2 8]? = 2i+8j. For our predator-prey model, we would asso- 
ciate with Equation (1.4) the vector field 


ka 
u(x, y) = ‘ 1.5 
(aa) = | 5 (15) 
so that Equation (1.4) becomes 
x= 11%, 


For a direction field, f(a,y) represents the slope of a particular solution 
of the differential equation dy/dx = f(x,y) at the point (x,y). Similarly, 
u(z,y) is the vector «i+ yj that is tangential to a particular solution of 
x= u(2,y) at the point (x,y), because the slope of the tangent is 


dy _ (dy/dt) _ y 
dx (dx/dt) « 


This suggests a geometric way of finding a particular solution to Equa- 
tion (1.4): choose a particular starting point (xo, yo), then follow the direc- 
tions of the tangent vectors. The essential difference between a direction field 
and a vector field is that the latter consists of directed line segments (which 
we indicate by arrows) whose lengths indicate the magnitude of u(z, y). 
However, since the magnitudes of u(x, y) may vary considerably and so make 
the diagram difficult to interpret, we often use arrows of a fixed length. 


We now widen the discussion and look at similar systems that do not arise 
from populations. 


Example 1.1 
(a) Using arrows of a fixed length, sketch the vector field given by 
0.2a 


(b) Write down the system of differential equations x = u(x) corresponding 
to this vector field. Solve this system of equations, and hence find an 
equation in terms of x and y for each path in the (z, y)-plane represented 
by this solution. 


(c) Sketch a sample of the paths in the (x, y)-plane which represent the 
solutions. 


Solution 


(a) We use values of u(x, y) to construct Figure 1.4. The arrows represent 
vectors of a fixed length parallel to u(a,y). Each arrow indicates the 
direction of a path through a given point. 


(b) We have 


wow -(f]- [83] 


so the system of equations is 


© = 0.22, 
y= 0.3y. 
The general solution is 
a(t) =Ce**, y(t) = De. (1.6) 


10 


Sometimes this will be 
written as x = u(x). 


An exception, which we 
discuss later, occurs when 

& = y=0 at (Le, Ye), 80 
u(Xe, Ye) = 0 and there is no 
tangent vector to follow. 


In many cases, it is the 
direction of u(x, y) that is our 
primary concern, rather than 
its magnitude. 


For example, at the point 
(1,1), we have 
wit=(02 Gal, 


Figure 1.4 
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To obtain the equation for the paths in terms of x and y, we eliminate 
t from x = Ce®-?4 and y = De®-**. Cubing the first equation and squar- 
ing the second gives x? = Ce and y? = D?e°, so 23 /C3 = y?/D?. 
Hence the equations of the paths are of the form 


y= K |2/??, 
for some constant K. 


(c) As we have been able to analytically find the equations of the paths in 
part (b), namely y = K|z|?/?, we can use this to sketch the paths in 
the (x, y)-plane. These are shown in Figure 1.5. It remains to put the 
arrows on these paths to indicate the direction of increasing time. The 
first of the differential equations is ¢ = 0.2”. So for positive x, & > 0 
so x is an increasing function of time. Therefore in the right half-plane, 
the arrows on the paths point to the right. Similarly, for negative «a, 
& <0 so « is a decreasing function of time. Hence the arrows on the 
paths point to the left in the left half-plane. These directions have 
been added to the paths in Figure 1.5. (Consideration of the second 
differential equation, 4 = 0.3y, confirms the directions of the arrows on 
the paths.) The arrows on the paths along the positive and negative 
y-axes can be deduced from consideration of the differential equation 
y = 0.3y. Note that the origin is also a path, corresponding to kK = 0, 
but it has no time arrow associated with it. 


The direction of the time arrow on a path is the same as the direction 
of the vector field. This can be confirmed by looking at Figure 1.5. 


Alternatively, we could have drawn the paths using the techniques we 
used for direction fields in Unit 2: the direction of the tangent to the 
path at any point (x,y) is the same as the vector field u(x, y) at that 
point. 


A solution curve along which the coordinates « and y vary as t increases 
is called a phase path or orbit. The (x, y)-plane containing the solution 
curves is called the phase plane, and a diagram, such as Figure 1.5, showing 
the phase paths is called a phase diagram. 


Before we leave Example 1.1, you may have noticed in Figure 1.5 that the 
paths radiate outwards from the origin in all directions. For this reason, we 
refer to the origin as a source. 


We now look at the phase paths for a similar system, for which 


u(x, y) = tee | 


This system behaves in a similar fashion to the system in Example 1.1. The 
general solution is 


a= Ce~8, xy = Det, 
Eliminating ¢ gives 
y= K |x), 


as before. However, as t increases, there is a significant difference in the 
motion along the phase paths between this case and the case in Exam- 
ple 1.1. At any point (x,y), the vector field u(a,y) = [-0.22 —0.3y]" has 
the same magnitude but the opposite direction to the vector field u(x, y) = 
[0.22 0.3y]’. So in this case, the phase diagram would be identical to 
Figure 1.5 except that the directions would be pointing towards the origin. 


The modulus signs around x 
ensure that we do not try to 
obtain the square root of a 
negative number. The 
arbitrariness of K ensures 
that the equation represents 
all possible cases. 


Figure 1.5 


A source can occur at a point 
other than the origin. 
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Now the paths radiate inwards towards the origin and, for this reason, we 
refer to the origin as a sink. 


*Exercise 1.4 


Write down the system of differential equations x = u(z,y) given by the 
vector field 


x 
u(y) =| 9], 
Solve this system of equations, and hence find an equation in terms of « and 
y for the phase paths in the (a, y)-plane represented by this solution. Sketch 
some of these paths. Is there a path through the origin? 


The phase diagram for the vector field examined in Exercise 1.4 is shown in 
Figure 1.6. You can see that the vast majority of paths do not radiate into or 
out of the origin. On these paths, a point initially travels towards the origin, 
but eventually travels away from it again. The only paths which actually 
radiate inwards towards or outwards from the origin are those along the x- 
and y-axes. In this case we call the origin a saddle (as you will understand 
from Unit 12). 


The behaviour of the populations of rabbits and foxes illustrated in the 
quadrant « > 0, y > 0 of Figure 1.6 is what we would expect from our 
first model. The population of rabbits increases without limit, as they are 
isolated from their predators. On the other hand, the population of foxes 
decreases to zero, as they have no access to their sole source of food. 


1.3 A second model for populations of rabbits and 
foxes 


In the previous subsection we looked at a model for rabbit and fox popu- 
lations when there was no interaction between the two populations. This 
may be a reasonable model when both species inhabit the same environment 
but the populations are so low that the rabbits and foxes rarely meet. As 
we saw, for initial positive populations, this first model predicts that rab- 
bits will increase without limit and foxes will die out. However, this is not 
what we expect for interacting populations, when encounters are unavoid- 
able. We assume that the number of encounters between foxes and rabbits 
is proportional both to the population x of rabbits and to the population y 
of foxes. 


In addition to our previous assumptions, stated in Subsection 1.2, our model 

assumes that 

e the number of encounters between foxes and rabbits is proportional to 
the product xy. 


In this subsection we look at a revised model, which allows for interaction 
based on this assumption. 


For a population x of rabbits in a fox-free environment, our first model for 
population change is given by the equation « = kx, where k is a positive 
constant. This represents exponential growth. However, if there is a pop- 
ulation y of predator foxes, then you would expect the growth rate « of 
rabbits to be reduced. A simple assumption is that 


e the growth rate « of rabbits decreases by a factor proportional to the 
number of encounters between rabbits and foxes, i.e. by a factor propor- 
tional to xy. 
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A sink can occur at a point 
other than the origin. 


Apart from the restrictions 
x >0, y > 0, this is the 
equation for our first model 
for the predator—prey 
populations (Equation (1.5)) 
with k =landh=1. 


Figure 1.6 
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We revise our first model to include this extra term, so the differential 
equation that models the population x of rabbits is now 


t=kax— Ary, 


for some positive constant A. As we shall see later, it is convenient to write 
A=k/Y, for some positive constant Y, giving 


= ke (1-3). 


This is a non-linear equation, since the right-hand side contains an xy term. 


(1.7) 


Similarly, for a population y of foxes in a rabbit-free environment, our first 

model for the population change is given by the equation 7 = —hy, where h 

is a positive constant. This represents exponential decay. However, if there 

is a population «x of rabbits for the foxes to eat, we should expect the growth 

rate y of foxes to increase. A simple assumption is that 

e the growth rate ¥ of foxes increases by a factor proportional to the num- 
ber of encounters between foxes and rabbits, i.e. by a factor proportional 
to ry. 


Our revised model for the foxes is given by 
y = —hy+ Bry 


for some positive constant B. Again, it is convenient to write B = h/X, for 
some positive constant X, so that this equation becomes 


Together, the differential equations (1.7) and (1.8) model the pair of inter- 
acting populations. 


(1.8) 


*Exercise 1.5 


Sketch the graph of the proportionate growth rate «/x of rabbits as a func- 
tion of the population y of foxes, and the graph of the proportionate growth 
rate y/y of foxes as a function of the population x of rabbits. Interpret these 
graphs. 


Lotka—Volterra equations 


The evolution of two interacting populations « and y can be modelled 
by the Lotka—Volterra equations 


(1.9) 


where x is the population of the prey and y is the population of the 
predators, and k, h, X and Y are positive constants. 


The Lotka—Volterra equations can be written as 
x = u(z,y), 


where x = [& y]’ and the vector field u(z, y) is given by 
Y 
k (1 - =) 
ee 


“(1-3 


us, y) = C0 


This equation comes from the 
input-output principle, which 
was introduced in Unit 2 
Subsection 1.1. In a period of 
time dt, the change in the 
rabbit population is the 
number ka dt of additional 
rabbits born, taking into 
account those dying from 
natural causes, less the 
number Axy ot of rabbits 
eaten. 


Again, this equation is 
non-linear because of the ry 
term on the right-hand side. 


This model was one of the 
first successful applications of 
mathematical models to 
biological systems. It was 
independently proposed in 
1925 by the American 
biophysicist Alfred Lotka and 
in 1926 by the Italian 
mathematician Vito Volterra. 


As in Equations (1.3), the 
condition (a > 0,y > 0) 
applies to both differential 
equations. 
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Exercise 1.6 


Suppose in Equations (1.9) that k = 0.05, h = 0.1, X = 1000 and Y = 100. 
Find the values of the corresponding vector field u(z,y) at the following 
points. 


(a) (0,0) (b) (0, 100) (c) (500,100) — (d) (1000, 0) 
(ec) (1000,100)  (f) (1500,100) — (g) (1000,50) — (h) (1000, 150) 


Previously, we were able to solve the pairs of differential equations that arose 
from our mathematical model, but, for Equations (1.9), no explicit formulae 
for x(t) and y(t) are available. However, using the given parameters and 
the values obtained in Exercise 1.6, we can begin to construct a vector 
field, as in Figure 1.7, where we have used arrows of fixed length. As we 
add more data to this figure, we shall be able to draw some phase paths, 
as in Figure 1.8. The path shown represents our guess at a solution to 
Equations (1.9) Although it may seem possible that the phase path forms a 
closed loop, this is far from certain. 


In Figure 1.8 we have labelled a point A on the path, which can be taken 
as the initial value for a particular solution. Some other points have been 
marked to aid the following discussion. To interpret this guess at a solution, 
we think about what happens to the values of the populations as we follow 
the path. 


Initially, at the point A, there are 1000 rabbits and 50 foxes. As we follow 
the path, the rabbit population increases and so does the fox population 
until, at the point B, we have reached a maximum rabbit population. As 
the fox population continues to rise, the rabbit population goes into decline. 
At C the fox population has reached its maximum, while the rabbits decline 
further. After this point, there are not enough rabbits available to sustain 
the number of foxes, and the fox population also goes into decline. At D the 
declining fox population gives some relief to the rabbit population, which 
begins to pick up. Finally, at EF, the decline of the fox population is halted 
as the rabbit population continues to increase. We may even return exactly 
to the point A, in which case the cycle will repeat indefinitely. 


We have therefore modelled a system in which both the fox and rabbit 
populations repeatedly increase and decline, each in response to the other. 


*Exercise 1.7 
Consider the system of differential equations defined in Exercise 1.6. 
(a) For what values of x and y do the following hold? 
(i) 2=0 (ii) ¢ >0 (itt) <0 
(b) For what values of « and y do the following hold? 
Gq) =O (ii) y>0 (iii) y < 0 
(c) Using your answers to parts (a) and (b), and Figure 1.7, sketch some 


more phase paths representing solutions to the system of differential 
equations. 


Note that the differential equations are defined only in the quadrant x > 0, 
yo 0. 
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Section 1 Modelling populations of predators and prey 


1.4 Equilibrium populations 


Usually there is one and only one phase path through a point in the phase 
plane — this means that phase paths do not cross. One important excep- 
tion to this is illustrated by the point (0,0) in Figure 1.6 and the point 
(1000, 100) in Exercise 1.7. These points correspond to a constant solution 
x(t) =C, y(t) = D of the system of differential equations, and are called 
the equilibrium points or fixed points of the system. These points generally 
represent important physical properties of the system being modelled. For 
example, the equilibrium point (1000, 100) in Exercise 1.7 corresponds to 
the fact that a rabbit population of 1000 and a fox population of 100 can 
co-exist in equilibrium, not changing with time. 


More generally, if x(t) = C, y(t) = D is a constant solution of a system of 
differential equations, it follows that «(t) = 0, y(t) = 0, and we can use this 
property to find all the equilibrium points of the system. 


Definition 
An equilibrium point of a system of differential equations 
x= u(x, y) 


is a point (%e, ye) such that x(t) = xe, y(t) = ye is a constant solution 
of the system of differential equations, i.e. (Xe, Ye) is a point at which 
z(t) =0 and y(t) = 0. 


Procedure 1.1 Finding equilibrium points 

To find the equilibrium points of the system of differential equations 
x =u(s,y), 

for some vector field u, solve the equation 


u(2,y) = 0. 


Example 1.2 


Find the equilibrium points for the Lotka—Volterra equations (1.9) for the 
rabbit and fox populations. 


Solution 


Using Procedure 1.1, we need to solve the equation u(x, y) = 0, which be- 
comes 


ka (1-7) mF 


x 0 
(1-3) 
of ae 3 
This gives the simultaneous equations 

y 

k (1 - z) = 
ee 
x 

—h (1 = =| =i 
a ee 


From the first equation, we deduce that either « =0 or y=Y. 


If c = 0, the second equation reduces to —hy = 0, so y = 0 and hence (0,0) 
is an equilibrium point. 


As you will see later, the 
point (1000, 100) in 

Exercise 1.7 is an isolated 
point through which no phase 
path passes. 


Solving u(x, y) = 0 requires 
the solution of two 
simultaneous equations, 
generally non-linear, for the 
unknowns x and y. If the 
variables « and y represent 
populations, they must also 
satisfy the conditions 7 > 0 
and y > 0. 


As stated earlier, h, k, X 


and Y are positive constants. 
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If y = Y, the second equation becomes —hY(1—2/X) =0, sox = X and 
hence (X,Y) is an equilibrium point. 


Thus there are two possible equilibrium points for the pair of populations. 
The first has both the rabbit and fox populations zero, i.e. the equilibrium 
point is at (0,0); there are no births or deaths — nothing happens. However, 
the other equilibrium point occurs when there are X rabbits and Y foxes, 
i.e. the equilibrium point is at (X,Y), when the births and deaths exactly 
cancel out and both populations remain constant. I 


*Exercise 1.8 


Suppose that the population x of a prey animal and the population y of a 
predator animal evolve according to the system of differential equations 


& = 0.1x — 0.005xy, 
y = —0.2y+0.0004zy («4 >0, y> 0). 


Find the equilibrium points of the system. What does this tell you about 
the populations? Put these equations in the standard form of the Lotka— 
Volterra equations. 


Exercise 1.9 


Suppose that two interacting populations x and y evolve according to the 
system of differential equations 


L= «(20 - y), 
y=y(10—y)10—-a) (#20, y 20). 
Find the equilibrium points of the system. 


1.5 Stability of equilibrium points 


In a real ecosystem it is unlikely that predator and prey populations are 
in perfect harmony. What if equilibrium is disturbed by a small deviation 
caused perhaps by a severe winter or hunting? If the number of rabbits 
is reduced, there would be a decreased food supply for the foxes, and the 
population of foxes could decrease to zero as a consequence. On the other 
hand, if the number of foxes is reduced, the birth rate for rabbits would then 
exceed their death rate, and the number of rabbits could increase without 
limit. 

If a small change or perturbation in the populations of rabbits and foxes from 
their equilibrium values, no matter what the cause, results in subsequent 
populations which remain close to their equilibrium values, we say that the 
equilibrium point is stable. On the other hand, if a perturbation results in 
a catastrophic change, with, for example, the population of foxes or rabbits 
collapsing to zero or increasing without limit, we say that the equilibrium 
point is unstable. 
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This explains our choice of 
constants X and Y in 
Subsection 1.3. 


These are not Lotka—Volterra 
equations. 


Our investigations in 
Exercise 1.7 suggest that 
these speculations are not 
correct. 


Section 1 Modelling populations of predators and prey 


If you look at the phase diagram Figure 1.9, where the origin is a sink, you 
can see that any slight perturbation from the origin will result in a point 
that returns to the origin as time t increases. So the point (0,0) is a stable 
equilibrium point. Similarly, the point (1000, 100) in Exercise 1.7 (page 41) is 
a stable equilibrium point. In this case the perturbation from the equilibrium 
point does not result in a point which returns to the equilibrium point as t 
increases, but does result in a point which remains in the neighbourhood of 
the equilibrium point. 


On the other hand, the origin in the phase diagram shown in Figure 1.5 
(page 11) is an unstable equilibrium point. Any perturbation of the point Figure 1.9 
(x,y) from the origin will result in the point travelling further and further 
away from the origin with time. Similarly, the origin in the phase diagram 
shown in Figure 1.6 (page 12) is an unstable equilibrium point. Apart from 
increases or decreases in y with x unchanged, any perturbation will result 
in a point which travels further and further away from the origin with time. 


The stability of equilibrium points 
Suppose that the system of differential equations 
x = u(x, y) 
has an equilibrium point at 7 = %e, y = ye. The equilibrium point is 
said to be: 


e stable when all points in the neighbourhood of the equilibrium 
point remain in the neighbourhood of the equilibrium point as time 
increases; 

e unstable otherwise. 


*Exercise 1.10 


Classify the equilibrium points (0,0) shown in the following phase diagrams 
as stable or unstable. 
ys 
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1.6 Populations close to equilibrium 


The predator-prey model developed in Subsection 1.3 resulted in the Lotka-— 
Volterra equations (1.9) which have equilibrium points at the origin (0,0) 
and the point (X,Y). Our preliminary attempts at drawing a phase diagram, 
in Figure 1.8 and Exercise 1.7, indicate that the behaviour of the populations 
in the neighbourhood of the equilibrium point (X,Y) could be cyclical, 
but on the other hand could spiral outwards or inwards. To investigate 
the behaviour of a non-linear system in the neighbourhood of equilibrium 
points, we shall develop in this subsection linear approximations to the 
system which are applicable close to the equilibrium points. 


If (Xe, Ye) is an equilibrium point, consider small perturbations p and q giving Although a population x or y 


new populations x and y defined by cannot be negative, a 
perturbation p or q can 
C=Fo.tDp, Yrvet g. (1.11) (usually) be negative if the 


population is less than the 


We can find the time-development of the small perturbations p and q by equilibrium value. 


linearizing the differential equation x = u(x, y). We shall make use of Taylor 
polynomials to achieve this. 


In order to do so, we must write each component of the vector u(x, y) as a 
function of the two variables x and y: 


u(x, y) 
ney) = 
eo = [es | 
At the equilibrium point (¢, ye), we have u(xe, Ye) = 0, ie. 
(We; Me.) =0 and Us, Ye) = 0. 


Now, for small perturbations p and q, we can use the linear Taylor polyno- Taylor polynomials were 
mial for functions of two variables to approximate each of u(x, y) and v(x, y) introduced in Unit 12. 
near the equilibrium point (2e, Ye): 


Ou Ou 
ti De +P, Ye + q) = — a Sr 1H, Per Ye) 
U U 
= D5, (es Ye) + V5, er Ue), 


since u(%e, Ye) = 0, and 
Ov Ov 


U( He +P, Ye + G) & U( Gay Ye) + pa (fer Ye) + T5y (Wes Ye) 


ct )4+ a 

= p—(x — (xz ; 

PO e Ye 13 y e> Ye 

since u(%e, Ye) = 0. 

The above two equations appear rather unwieldy, but are much more suc- 

cinctly represented in matrix form: 

Ou Ou 

| Du (ver Ye) By (er Be) ? 

~ | Ov Ov @|\” 
Dy (ter Ye) By ere) 

Since x(t) = a + p(t) and y(t) = ye + q(t), we also have 


t=p, y=. 
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Putting the pieces together, substituting in x = u(z,y) gives a system of 
linear differential equations for the perturbations p and q: 


i) - a Fp (ese) ) - 


Ov 
Or (@e, Ye) By * Ye) 
An example will help to make this clear. 


Example 1.3 


Transform the Lotka—Volterra equations (1.9) into a system of linear differ- 
ential equations for the perturbations p and q from the equilibrium point 
(X,Y). 

Solution 


Here we have 


ala) = hee (1 - ) , v(x,y) = —hy (1 — =) ; 


xX 
First we compute the partial derivatives, obtaining 
Ou y Ou ka 
amu) =k(I-F), By ow =~ 
Ov hy Ov x 
—(a,y) =, S-(2,y) =k (1-5). 
Be = By) x) 


Evaluating these at the point (X,Y) gives 


Ou Ou kX 
ag oY) = ) aa a a 
Ov hY Ov 


Thus the required system of linear differential equations is 


; 0 —kx/Y 

H = / |? (1.13) 
q hY/X 0 q 

which can be written as the pair of equations 

BX 

Pp = Y q, 
_WY 

q= Xx Dp. 


We have replaced a system of non-linear equations, for which we have no 
algebraic solution, with a pair of linear equations that we can solve. We 
should expect the solutions of Equation (1.13) to provide a good approxi- 
mation to the original system only when p and q are small (i.e. when the 
system is close to equilibrium). lM 


The matrix 


Ou Ou 
J(ax, y) = av av 


is called the Jacobian matrix of the vector field 


u(z,y) = [u(z,y) v(a,y)]". 
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The 2 x 2 matrix on the right-hand side of Equation (1.12) is this Jacobian 
matrix evaluated at the equilibrium point (2, ye), so Equation (1.12) can 
be written succinctly as 


p= J Wa, Ye)P, 


where p=[p_ q]" is the perturbation from the equilibrium point (2¢, ye). 


Procedure 1.2 __Linearizing the system of differential equations 
x = u(x) near an equilibrium point 


Suppose that the system of differential equations 
—_ _ | u(x, y) 
x=u(z,y) = en 

has an equilibrium point at 7 = ve, y = Ye. 

(a) Find the Jacobian matrix 


Ou Ou 

Ay (Y) By oY) 
J(x,y) = av av 

ag tr ¥) By) 


(b) In the neighbourhood of the equilibrium point (ae, ye), the differ- 
ential equations can be approximated by the linearized form 


where x(t) = ze + p(t) and y(t) = ye + q(t). 


*Exercise 1.11 
Write down the linear approximations to the Lotka—Volterra equations (1.9) 
near the equilibrium point (0,0). 
Exercise 1.12 
Consider two populations modelled by the equations 
é = 2(20—y), 
y=y10—y)10—-a2) (#20, y2 0). 


Find the linear approximations to these equations near the equilibrium point 
(10, 20). 


We have reduced the discussion of the behaviour of a system near an equilib- 
rium point to an examination of the behaviour of a pair of linear differential 
equations. In the next section we shall use the techniques from Unit 11 to 
solve these differential equations. 
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This approximation does not 
hold if the matrix J(ae, ye) is 
non-invertible. 


See Exercise 1.9. 


Section 2 Classifying equilibrium points 


End-of-section Exercises 


Exercise 1.13 

Find the equilibrium point (ae, ye) of the system of differential equations 
L= 3x + 2y— 8, 
y=ut+4y—6. 


Find a system of linear differential equations satisfied by small perturbations 
p and q from the equilibrium point. 


*Exercise 1.14 


Suppose that the pair of populations x and y can be modelled by the system 
of differential equations 


& = 0.5@ — 0.000 0527, 

y = —0.ly + 0.00042y —0.01y2 (x >0, y>0). 
(a) Find the three equilibrium points of the system. 
(b) Find the Jacobian matrix of the system. 


(c) For each of the three equilibrium points, find the linear differential equa- 
tions which give the approximate behaviour of the system near the equi- 
librium point. 


2 Classifying equilibrium points 


In the previous section we have seen how a system of non-linear differential 

equations x = u(x, y) may be approximated near an equilibrium point by a 

linear system p = Ap by the use of the Jacobian matrix A = J(%e, ye). In 

this section we develop an algebraic method of classification, based on the 

eigenvalues of the matrix of coefficients that arises from the linear approxi- 

mations. The procedure for classifying an equilibrium point of a non-linear 

system will then be: 

e near an equilibrium point, approximate the non-linear system by a linear 
system; 

e find the eigenvalues of the matrix of coefficients for this linear approxi- 
mation; 

e classify the equilibrium point of the linear system using these eigenval- 
ues; 

e deduce the behaviour of the original system in the neighbourhood of the 
equilibrium point. 


The linearized system of differential equations for the perturbation from the 
equilibrium point, which approximates the behaviour of the system in the 


neighbourhood of the equilibrium point, has the form 
The perturbations p and q 


p= ap+ bq, can usually take negative, as 
well as positive, values. 


q = cp+ dq, 


where a, b, c and d are constants. These equations can be written in matrix 
form as 


*)= [2 3) (2). 
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From Unit 11, we know that the general solutions of such equations are 
determined by the eigenvalues and eigenvectors of the matrix of coefficients. 
We shall illustrate various kinds of behaviour that can arise, by examining 
some examples. We begin by looking at matrices with two real distinct 
eigenvalues, then consider matrices with complex eigenvalues, and finally 
matrices with a repeated eigenvalue. 


2.1 Matrices with two real distinct eigenvalues 


Let us first consider the system of differential equations p = Ap where 


fies k He (2.1) 


The matrix A is diagonal, so the eigenvalues are 2 and 3. The corresponding 
eigenvectors are [1 0]’ and [0 1)”, respectively. The general solution can 
be written as 


8]-cbeola 


where C’ and D are constants, or as 
pf) =Ce”, 9) = De*. 


We are interested in the behaviour of phase paths near the equilibrium point 
at p = 0, q=0. Consider, for example, the paths with D = 0 (and C # 0). 
On these paths we have p(t) = Ce“ and q(t) = 0, so the point (p(t), q(t) 
moves away from the origin along the p-axis as t increases. 


On the other hand, consider the paths with C = 0 (and D 4 0). On these 
paths we have p(t) = 0 and q(t) = De®‘, so the point (p(t), q(t)) moves away 
from the origin along the q-axis as t increases. 


Hence we have seen that there are phase paths along the axes, corresponding 
to the eigenvectors [1 0]? and [0 1]. As ¢ increases, a point on one of 
these axes moves away from the origin as shown in Figure 2.1. 


For general values of C' and D, where neither C = 0 nor D = 0, the point 
(Ce?", De**) still moves away from the origin as t increases, but not along 
a straight line. As t decreases, however, the exponential functions e?’ and 
e*" decrease (and tend to zero as t tends to —oo). So the point (Ce”’, De®") 
approaches the origin as t decreases. As t increases, the point moves along 
a path which radiates outwards from the origin. This is illustrated in Fig- 
ure 2.2, where we have incorporated the fact that the only straight-line paths 
are the two axes, which correspond to the eigenvectors of the matrix A. 


An equilibrium point with this type of qualitative behaviour in its neighbour- 
hood is an (unstable) source. This occurs for any linear system p = Ap 
where the matrix of coefficients A has positive distinct eigenvalues. The only 
straight-line paths are in the directions of the eigenvectors of the matrix A, 
although these will not, in general, be along the axes! 
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This system is very similar to 
that considered in 
Example 1.1. 


Figure 2.1 


In this case, we can show that 
the paths are q = K|p|?/?, as 
in Example 1.1, but in this 
section we are interested in 
the qualitative behaviour. 


Figure 2.2 Unstable source 


Section 2 Classifying equilibrium points 


*Exercise 2.1 


Consider the linear system of differential equations 


Pp} __|3 O| |p 
gq) (2 ly ta} 
(a) Find the eigenvalues of the matrix of coefficients. 


(b) Classify the equilibrium point p = 0, g = 0 of the system. 


Consider now the system of differential equations p = Ap where 


A= é “| , (2.2) 


The change in sign for matrix A from Equation (2.1) to Equation (2.2) 
changes the solution from one involving positive exponentials to one involv- 
ing negative exponentials. You can think of this as replacing t by —t, so 
the solutions describe the same paths, but traversed in opposite directions. 
A change in the sign of both eigenvalues changes the direction of the arrows 
along the paths in Figure 2.2. 


If the matrix of coefficients for a linear system has negative distinct eigenval- 
ues, the equilibrium point is a (stable) sink. The only straight-line paths 
are along the directions of the eigenvectors of the matrix of coefficients. 


Exercise 2.2 


Consider the linear system of differential equations 


p| _|9 —l) |p 
qd) [2 -8] Le]: 
(a) Find the eigenvalues of the matrix of coefficients. 


(b) Classify the equilibrium point p = 0, q = 0 of the system. 


So far in this section we have considered the case where the matrix of coef- 
ficients has two distinct positive eigenvalues and the case where the matrix 
has two distinct negative eigenvalues. We now consider the case where the 
matrix has one positive eigenvalue and one negative eigenvalue. For exam- 
ple, consider the matrix 


1 4 
a-[t al, 
which has eigenvalues 2 and —3, and corresponding eigenvectors [4 1]’ and 
[1 —1]’. The general solution of the linear system of differential equations 
p = Ap is 
P| _A/A| o2¢ 1} .-3¢ 
P) ac[t}eno[ tem a 


When D = 0 (and C #0), we have p(t) = 4Ce”! and q(t) = Ce?!, and the 
point (p(t), q(t)) moves away from the origin along the straight-line path 
q= +p as t increases. On the other hand, when C = 0 (and D #0), the 
solution is p(t) = De~**, q(t) = —De~*", so the point (p(t), q(t)) approaches 
the origin along the straight-line path q = —p as t increases. 

Hence we have seen that there are two straight-line paths. On the line q = +P 


(which corresponds to the eigenvector [4 1]"), the point moves away from 
the origin as t increases. However, on the line g = —p (which corresponds to 
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the eigenvector {1 —1]”), the point moves towards the origin as t increases. 
These two paths are shown in Figure 2.3. 


Now we shall consider the behaviour of a general point (p(t), q(t)), where p(t) 
and q(t) are given by Equation (2.3), and neither C nor D is zero. For large 
positive values of t, the terms involving e?“ dominate, so p(t) ~ 4Ce”! and 
q(t) ~ Ce”. So, for large positive values of t, the general path approaches 
the line q = iP. On the other hand, for large negative values of ¢, the terms 
involving e~* dominate, so p(t) ~ De~*' and q(t) ~ —De~*". So, for large 
negative values of t, the general path approaches the line q = —p. Using this 
information we can complete Figure 2.3 to obtain Figure 2.4. 


We can see that the equilibrium point is an (unstable) saddle. The type of 
behaviour shown in Figure 2.4 occurs when the matrix of coefficients has one 
positive eigenvalue and one negative eigenvalue. Again, the two straight-line 
paths are in the directions of the eigenvectors of the matrix. 

*Exercise 2.3 


Consider the linear system of differential equations 


p|_|1l 2| |p 
a} |2 -2] la]: 
(a) Find the eigenvalues and corresponding eigenvectors of the matrix of 
coefficients. 


(b) Classify the equilibrium point p = 0, q = 0. 
(c) Sketch the phase paths of the solutions of the differential equations. 


2.2 Matrices with complex eigenvalues 


In Unit 10 you saw that some matrices have complex eigenvalues and eigen- 
vectors. However, in Unit 11 you saw that these complex quantities can be 
used to construct the real solutions of the corresponding system of linear 
differential equations. Our next example involves such a system. 

Example 2.1 


Consider the linear system of differential equations 


p|_|0 =L| |p 
Gq} [4 Of} La]? 
(a) Find the eigenvalues and corresponding eigenvectors of the matrix of 


coefficients. 


(b) Hence write down the general solution of the system of differential equa- 
tions. 


(c) Show that the phase paths for these differential equations are the ellipses 
pt+ad =K, 


where K is a positive constant. 
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equilibrium 
point 


Figure 2.3 


Figure 2.4 Unstable saddle 


Section 2 Classifying equilibrium points 


Solution 
(a) The matrix of coefficients has characteristic equation 
—-A -l 
Pa als 
ie. 2 +4=0. So the eigenvalues are \ = 2i and \ = —2i. 


When \ = 2i, the eigenvector [a 6)" satisfies the equation 


—2i —l||a|_ |0 
4 —2i b| §=6| 0 | * 
so an eigenvector corresponding to the eigenvalue \ = 2i is [1 —2i]”. 
Similarly, an eigenvector corresponding to the eigenvalue A = —2i is 
[1 2¢]?. 


(b) Using the eigenvalues and corresponding eigenvectors from part (a), 
and Procedure 2.3 of Unit 11, the general solution of the differential 
equations is 


[i] © [asinae| +? [ rec: 
(c) We have 
p(t) = Ccos 2t + Dsin 2t, 
q(t) = 2C sin 2¢ — 2D cos 2t, 
so 
p +4? = (Ccos2t + Dsin 2t)? + (C'sin 2t — D cos 2t)” 
= (C* cos” 2t + 2C'D cos 2t sin 2t + D? sin? 2t) qa 
+ (C? sin? 2t — 2C_D cos 2t sin 2t + D? cos? 2t) 
= C? (cos? 2¢ + sin? 2t) + D?(cos? 2t + sin? 2t) 
=" 4D? = K, 
where K = C? + D?. 


Sy 


So the phase paths are ellipses, as shown in Figure 2.5. The direction 
of the arrows indicated can be deduced from the original differential 
equations. For example, in the first quadrant p< Oandqg>0. 


In Example 2.1, we saw that all the phase paths are ellipses. This type of be- Figure 2.5 Stable centre 
haviour corresponds to any linear system of differential equations where the 

eigenvalues of the matrix of coefficients are purely imaginary. An equilib- 

rium point which has this behaviour in its neighbourhood is called a (stable) 

centre. 


Exercise 2.4 


Consider the linear system of differential equations 


p\_|2 —l) |p 
qd} [5 -2}|a]’ 
(a) Find the eigenvalues of the matrix of coefficients. 


(b) Classify the equilibrium point p = 0, q = 0. 
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In general, when the eigenvalues of a matrix are complex, they are not 
purely imaginary but also contain a real part. This has a significant effect 
on the solution of the corresponding system, as we shall see in the following 
example. 


Example 2.2 


Find the general solution of the system of equations p = Ap, where 


A= E 3 Sketch some paths corresponding to the solutions of the 


system. 
Solution 
The characteristic equation of the matrix of coefficients is (2+ A)? +9 = 0, 


so the eigenvalues are —2 + 37 and —2 — 37. Corresponding eigenvectors are 
[1-7]? and [1 i)”, respectively, so the general solution is given by 


P| _ -~.<py | COBSL 94 sin 3t 
|? = Ce pe +e ee ‘ 


If we neglect, for the time being, the e~*! terms, the solution is 


p= Ccos3t + Dsin 3t, 

q = Csin 3t — D cos 3¢, 
from which it follows that 

p+e=C?+D". 
So, in the absence of the e~?! terms, the paths would be circles with centre 
at the origin. The effect of the e~?! terms on these paths is to reduce the 


radius of the circles gradually. In other words, the paths spiral in towards 
the origin as ¢ increases, as shown in Figure 2.6. ll 


In Example 2.2 the paths spiral in towards the origin, so the origin is a sink 
(which is called a spiral sink) and therefore is a stable equilibrium point. 
If the paths spiralled away from the origin, we should have a spiral source 
with the equilibrium point unstable. The stability is determined by the sign 
of the real part of the complex eigenvalues. To summarize, if the real part 
is positive, then the general solution involves e* terms (where k is positive) 
and the equilibrium point is an unstable spiral source; if the real part is 
negative, then the general solution involves e~* terms and the equilibrium 
point is a stable spiral sink. 


*Exercise 2.5 


Consider the linear system of differential equations 


py) _}| 1 1} |p 
q| j-l tT) le) 
(a) Find the eigenvalues of the matrix of coefficients. 


(b) Classify the equilibrium point p = 0, q = 0. 
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Figure 2.6 Stable spiral sink 


Section 2 Classifying equilibrium points 


2.3 Matrices with repeated eigenvalues 


So far we have considered the cases where the matrix of coefficients for a 
linear system of differential equations has two real distinct eigenvalues or 
complex eigenvalues. In this subsection we consider a third possibility: the 
case where the matrix has a real repeated eigenvalue. In fact, there are two 
separate cases, depending on how many independent eigenvectors there are. 


First, we consider the case where there are two linearly independent eigen- 
vectors. In this case, the matrix must be diagonal and of the form 


vA 0 
0 A 
(see Unit 10 Exercise 2.6(a)). 


s-| 


*Exercise 2.6 


Consider the linear system of differential equations 


p|_|2 O} |p 
qd) (© 2] [al° 
(a) Find the general solution of the system of differential equations. 


(b) By eliminating t, find the equations of the paths, and describe them. 
(c) Is the equilibrium point p = 0, g = 0 stable or unstable? 


In Exercise 2.6, we have seen that when the matrix of coefficients has two D 
real identical positive eigenvalues and two linearly independent eigenvectors, 

all the paths are straight lines radiating away from the origin, as shown in 

Figure 2.7. The equilibrium point at p= 0, q = 0 is called an (unstable) 

star source. If the two identical eigenvalues are negative (but there are 

still two independent eigenvectors), the arrows on the paths in Figure 2.7 

are reversed, and the equilibrium point at p= 0, q=0 is called a (stable) Figure 2.7 Unstable star 
star sink. source 


We turn finally to the case where there are two identical eigenvalues but 


only one independent eigenvector. 


*Exercise 2.7 
(a) Find the eigenvalues and corresponding eigenvectors of the matrix 


a=? 9. 


(b) Find the general solution of the system of differential equations p = Ap. 


In Exercise 2.7 we have seen that the general solution of the system of linear 
differential equations 


Herel 


t) =Ce**, g(t) = (Ct+ D)e™. 
p(t) alt) = ( ) Figure 2.8 Unstable improper 
Figure 2.8 shows some typical paths of this system, and we conclude that source 


the equilibrium point at p = 0, q = 0 is unstable. It is called an (unstable) 
improper source. If the (repeated) eigenvalue is negative, then the phase 


SV 
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paths are obtained by reversing the arrows in Figure 2.8 to obtain a (stable) 
improper sink. 


This completes the discussion of our range of examples, which were chosen 
to illustrate most types of behaviour that one might mect. 


2.4 Classifying the equilibrium point of a linear 
system of differential equations 


In Procedure 2.1 we summarize the results of the previous three subsections. 


Procedure 2.1 __ Classification of the equilibrium point of a 
linear system 


Consider the linear system p = Ap, for a2 x 2 matrix A. The nature of 
the equilibrium point at p= 0, q = 0 is determined by the eigenvalues 
and eigenvectors of A. 


If the eigenvalues are real and distinct, then: 

e if both eigenvalues are positive, the equilibrium point is an unstable 
source (this type of behaviour is illustrated in Figure 2.2); 

e if both eigenvalues are negative, the equilibrium point is a stable 
sink (this type of behaviour is illustrated in Figure 2.2 with the 
direction of the arrows reversed); 

e if one of the eigenvalues is positive and the other is negative, the 
equilibrium point is an unstable saddle (this type of behaviour is 
illustrated in Figure 2.4). 


If the eigenvalues are real and equal, and there are two independent 

eigenvectors, then: 

e if the eigenvalues are positive, the equilibrium point is an unstable 
star source (this type of behaviour is illustrated in Figure 2.7); 

e if the eigenvalues are negative, the equilibrium point is a stable 
star sink (this type of behaviour is illustrated in Figure 2.7 with 
the direction of the arrows reversed). 


If the eigenvalues are real and equal, but there is only one independent 
eigenvector, then: 


e if the eigenvalues are positive, the equilibrium point is an unstable 
improper source (this type of behaviour is illustrated in Figure 2.8); 

e if the eigenvalues are negative, the equilibrium point is a stable 
improper sink (this type of behaviour is illustrated in Figure 2.8 
with the direction of the arrows reversed). 


If the eigenvalues are complex, then: 

e if the eigenvalues are purely imaginary, the equilibrium point is a 
stable centre (this type of behaviour is illustrated in Figure 2.5); 

e if the eigenvalues have a positive real component, the equilibrium 
point is an unstable spiral source (this type of behaviour is illus- 
trated in Figure 2.6 with the direction of the arrows reversed); 

e if the eigenvalues have a negative real component, the equilibrium 
point is a stable spiral sink (this type of behaviour is illustrated in 
Figure 2.6). 


Procedure 2.1 is not exhaustive, and it does not include a number of special 
cases where one of the eigenvalues is zero. 
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*Exercise 2.8 


In Example 1.3 we saw that the Lotka—Volterra equations can be approxi- 
mated by the system of linear differential equations 


pl _ 0 —kxX/Y | |p 
q\| | hY/X 0 q 
in the neighbourhood of the equilibrium point (X,Y). Find the eigenvalues 


of the matrix of coefficients, and hence classify the equilibrium point p = 0, 
q=0. 


Exercise 2.9 


In Exercise 1.11 we saw that the Lotka—Volterra equations can be approxi- 
mated by the system of linear differential equations 


= [5 1 [2 


in the neighbourhood of the equilibrium point (0,0). Find the eigenvalues 
of the matrix of coefficients, and hence classify the equilibrium point p = 0, 
q= 0. 


2.5 Classifying the equilibrium points of non-linear 
systems 


In Section 1 we saw how to find the equilibrium points of non-linear sys- 
tems of differential equations x = u(x), and how to find the linear system 
p = Ap which approximates the system in the neighbourhood of the equi- 
librium point. In this section we have seen how to classify the equilibrium 
point of the linear system by finding the eigenvalues and eigenvectors of the 
matrix A. But is the behaviour of the non-linear system near the equilibrium 
point the same as the behaviour of the linear system which approximates 
it? It can be shown that, not surprisingly, the answer is yes, except when 
the equilibrium point of the approximating linear system is a centre. 


Near a centre, the paths are circular or elliptical. However, the paths of the 
original non-linear system may spiral towards or away from the equilibrium 
point. In such cases, we can say only that the paths are approximately 
circular or elliptical; we can say nothing about their actual behaviour with- 
out further examination. Thus, if the linear approximation has a centre, 
we cannot immediately deduce the nature of the equilibrium point of the 
original non-linear system: it may be a stable centre, a stable spiral sink or 
an unstable spiral source. 


In the case of the Lotka-Volterra equations (1.9), in Exercise 2.9 we have 
seen that the linear system of differential equations which approximates the 
non-linear system in the neighbourhood of the equilibrium point (0,0) has 
an (unstable) saddle at the equilibrium point. So the (non-linear) Lotka— 
Volterra equations also have an (unstable) saddle at the equilibrium point 
(0,0), as you might expect from physical considerations. 


On the other hand, we saw in Exercise 2.8 that the linear system of dif- 
ferential equations which approximates the Lotka—Volterra equations in the 
neighbourhood of the equilibrium point (X,Y) has a (stable) centre at the 
equilibrium point. This means that we cannot immediately say anything 
about the classification of this equilibrium point of the original (non-linear) 
system of differential equations — it could be a centre, a spiral source or a 
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spiral sink. However, further investigation (which is beyond the scope of this 
course) shows that every phase path of the Lotka—Volterra equations is a 
closed path, with the exception of the equilibrium points and the coordinate 
axes. So the equilibrium point (X,Y) of the Lotka-Volterra equations is a 


(stable) centre, as shown in Figure 2.9. 


0 2 


Figure 2.9 Phase diagram for 
the Lotka—Volterra equations 
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Procedure 2.2 Classification of an equilibrium point of a 
non-linear system 


To classify the equilibrium points of the non-linear system of differential 
equations 


x= u(x, y), 
do the following. 
(a) Find the equilibrium points by using Procedure 1.1. 
(b) Use Procedure 1.2 to find the linear system 
p= Ap 
which approximates the original non-linear system in the neigh- 
bourhood of each equilibrium point. 


(c) For each equilibrium point, use Procedure 2.1 to classify the linear 
system. 


The behaviour of the original non-linear system near an equilibrium 
point is the same as that of the linear approximation, except when 
the linear system has a centre. If the linear system has a centre, the 
equilibrium point of the original non-linear system may be a stable 
centre, a stable spiral sink or an unstable spiral source. 


These closed paths are not 
ellipses, however. 


Section 2 


Example 2.3 
Consider the non-linear system of differential equations 
&= —4y + 2ry — 8, 
y= Ay? —g, 
(a) Find the equilibrium points of the system. 
(b) Compute the Jacobian matrix of the system. 
(c) In the neighbourhood of each equilibrium point: 
e linearize the system of differential equations; 
e classify the equilibrium point of the linearized system. 


(d) What can you say about the classification of the equilibrium points of 
the original (non-linear) system of differential equations? 


Solution 
(a) The equilibrium points are given by 
—4y + 2ry —8 =0, 
Ay? — 27 = 0. 
The second equation gives 
C'S EZ y. 
When x = 2y, substitution into the first equation gives 
—4y + 4y? —8 =0, 
or y? — y — 2 =0, which factorizes to give 
(y—2)(y+1) =0. 
Hence 
y=2 or y=-l. 


When y = 2, « = 2y=4. When y = —-1, x = 2y = —2. So we have 
found two equilibrium points, namely (4,2) and (—2,—1). 


When x = —2y, substitution into the first equation gives 
—4y — 4y? -8 =0, 


or y27+y+2=0. This quadratic equation has no real solutions, so 
there are no more equilibrium points. 


(b) With the usual notation, 
u(x, y) = —4y + ary — 8, 
v(x, y) = 4y? — 2. 


So the Jacobian matrix is 


Ou Ou 
Ox Oy -| Qy aml 
Ov Ov —2x Sy ; 
dx Oy 


(c) At the equilibrium point (4,2), the Jacobian matrix is 


4 4 
—8 16}’ 


Classifying equilibrium points 
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so the linearized system is 
l= [3 as] [4] 
q —8 16} /q]- 
The characteristic equation of the matrix of coefficients is 
(4 — A)(16 — A) + 82 = 0, 
or A? — 20 + 96 = 0, which factorizes to give 
(A — 8)(A — 12) = 0, 
so the eigenvalues are 
A=8 and A=12. 


The two eigenvalues are positive and distinct, so the equilibrium point 
p=0,q=0 is an unstable source. 


At the equilibrium point (—2,—1), the Jacobian matrix is 
[/-2 -8 

| 4 —8]’ 

so the linearized system is 

[2] __/-2 -8] |» 

lq} | 4 —-8] la@]° 

The characteristic equation of the matrix of coefficients is 


(<2 -—A)(-8 — 2) +32 = 0, 


which simplifies to 
dN? + 10\ + 48 = 0. 
The roots of this quadratic equation are 
N= —5 £123, 
so the eigenvalues are complex with negative real part. Hence the equi- 
librium point p = 0, g = 0 is a stable spiral sink. 


(d) As neither of the equilibrium points found in part (c) is a centre, the non- 
linear system has an equilibrium point (4,2) which is an unstable source, 
and an equilibrium point (—2,—1) which is a stable spiral sink. Ml 


End-of-section Exercises 


*Exercise 2.10 


Find the eigenvalues and eigenvectors of the matrix A = F - , and 
hence find the general solution of the system p = Ap. Classify the equilib- 


rium point p = 0, q = 0. 


If this system is the linear approximation to a non-linear system 
x = u(z,y) in the neighbourhood of an equilibrium point, what can you 
say about this equilibrium point of the non-linear system? 
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*Exercise 2.11 
Consider the non-linear system of differential equations 
g= (1+2 —2y)z, 
y = (a — ly. 
(a) Find the equilibrium points of the system. 
(b) Find the Jacobian matrix of the system. 
(c) In the neighbourhood of each equilibrium point: 
e find the linear system of differential equations which gives the ap- 
proximate behaviour of the system near the equilibrium point; 
e find the eigenvalues of the matrix of coefficients; 
e use the eigenvalues to classify the equilibrium point of the linearized 


system. 


(d) What can you say about the classification of the equilibrium points of 
the original non-linear system of differential equations? 


3 Modelling a pendulum 


In this section we discuss the motion of a pendulum which is oscillating, or 
revolving, in a plane. You may recall that we introduced a mathematical 
model of the pendulum in Unit 8 that is satisfactory only for small oscilla- 
tions. Here the oscillations may be large and the pendulum bob may revolve 
about the pivot. 


3.1 Pendulum equations 


We shall examine the motion of a pendulum consisting of a heavy bob, 
modelled as a particle of mass m (kg) attached to one end of a light rigid 
rod, modelled as a light model rod of length / (metres). The other end 
of the rod is pivoted at a fixed point O, as shown in Figure 3.1, with 6 
(radians) being the angular displacement from the downward vertical in an 
anticlockwise direction. In this model, the time t is measured in seconds. 
The bob is moving with speed 10, so its kinetic energy is Em(10)?. The bob 
is a vertical distance 1cos@ below O, so, using the point O as datum, its 
potential energy is —mglcos@. Thus the total mechanical energy E of this 
system is 


FE = kinetic energy + potential energy 
= Sm(10)? — mgl cos 0. (3.1) 


Differentiating Equation (3.1) with respect to t, we obtain 
E = ml?06 + mgl@ sin 0. (3.2) 


If there are no friction forces (so no energy is transferred from the system), Figure 3.1 
then F is constant, giving EF’ = 0, and we obtain the undamped pendulum 


equation 
6 = —w 


2 sin 0, (3.3) 


where w* = g/l. We can obtain the same result by using Newton’s second 
law, by assuming that the only forces acting on the bob are its weight and 
the tension in the rod. 
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For small values of @, the first-order Taylor approximation for sin@ is 
sin? ~ 6. Using this approximation in Equation (3.3), we obtain the simple 
pendulum equation 

0 = —u9. (3.4) 
This equation has the advantage that it is linear, but the disadvantage that 
it is a good approximation only for small oscillations. 
There is another circumstance that we wish to investigate, namely the case 
when energy is being transferred from the system because of friction. We 


assume that E) is proportional to i, so the energy transfer is large when 
the pendulum is moving quickly. It simplifies the resulting equation if we 
assume that the constant of proportionality is of the form —eml?, where ¢ 
is a positive constant. Now we may write 


E= —eml26’, 

and, when we substitute this expression for F into Equation (3.2), we obtain 
—eml26” = ml26 + mgl@ sin @, 

which simplifies to become the damped pendulum equation 
6 = —u* sin 6 — £6, (3.5) 


where, again, w? = g/I. The same result can be obtained by using Newton’s 
second law, by assuming that there is an additional force acting on the 
bob, namely linear damping which might be due to air resistance or other 
frictional effects. 


3.2 The phase plane for a pendulum 


Although the differential equations in the previous subsection (Equation (3.3), 


(3.4) and (3.5)) are of second order, we can rewrite each of them as a pair 
of first-order differential equations; this will enable us to use the techniques 
from earlier in the unit. More precisely, we shall replace 0 by x and 0 by y, 
so that 
and 

y=t=O8. 
So, for example, Equation (3.3) can be rewritten as the system of first-order 
differential equations 


L=Y, 


aay (3.6) 


sin x. 


Equations (3.6) can be rewritten in terms of a vector field as x = u(z,y), 
where 


u(z,y) =[y —w*sina]’. 


*Exercise 3.1 


Using the technique employed above, rewrite Equation (3.5) as a system of 
first-order differential equations. 
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The negative sign is necessary 
because the mechanical 
energy of the system is 
decreasing as the pendulum 
moves. 


Section 3 Modelling a pendulum 


So the two models introduced in Subsection 3.1 for the motion of a pendu- 
lum when the oscillations are not small give rise to two pairs of first-order 
differential equations. 


The pendulum equations 
(1) For large oscillations and no friction, we have 
t=y, 


ar (3.6) 


sin x, 
arising from the undamped pendulum equation. 


(2) For large oscillations and a frictional force, we have 


ame (3.7) These are the equations you 
y= —w" sin x — EY, derived in Exercise 3.1. 


arising from the damped pendulum equation. 


The analogy with our previous discussion of two interacting populations 
should be immediately obvious, but here the variables 7 and y are even 
more closely related than before, since one is the derivative of the other. A 
path representing a solution of Equations (3.6) or (3.7) would tell us not 
only the position of the pendulum bob, but also its velocity. 


For a pendulum, the variable x = 6 represents an angle measured in radians, 
so the points (a + 27,y) and (x,y) represent the same state of the system. 
We could restrict the range of x to —a < x <7, although we could use any 
interval of length 27, such as 0 < a < 27, for example. 


Although we can solve the simple pendulum equation (3.4), we cannot find 
analytical solutions of the undamped and damped pendulum equations (3.3) 
and (3.5). However, we can use the techniques developed in Sections 1 and 2 
of this unit to investigate the behaviour of the solutions of these equations. 


*Exercise 3.2 —— 
(a) Find the equilibrium points of the system described by Equations (3.6), 
Le. 
<= y, 
y=—uw'sing (-—t<a2<n), 
which is the system of differential equations arising from the undamped 
pendulum equation. 


(b) Describe physically the two equilibrium points you found in part (a). 
Would you expect these equilibrium points to be stable or unstable? 


35 


Unit 13 Modelling with non-linear differential equations 


Exercise 3.3 


(a) Find the equilibrium points of the system described by Equations (3.7), 
i.e. 


t=, 
y= —w'*sing-—ey (-—1<a<n), 


which is the system of differential equations arising from the damped 
pendulum equation. 

(b) Describe physically the two equilibrium points you found in part (a), 
and indicate whether you expect these equilibrium points to be stable 
or unstable. 


In Exercise 3.2, you showed that the undamped pendulum has two equilib- 
rium points. The first equilibrium point is the origin = 0, y = 0, which 
corresponds to the pendulum hanging vertically downwards at rest, and 
physically we expect this equilibrium point to be stable. The second equi- 
librium point is « = 7, y = 0, which corresponds to a stationary pendulum 
pointing vertically upwards, which we would not expect to be stable! In the 
next exercise we shall confirm that this is indeed the case for the undamped 
pendulum. 


*Exercise 3.4 


Consider the non-linear system of differential equations 


T=Y, 
_ 2. 
y = —w sina, 


which is the system of differential equations arising from the undamped 
pendulum equation. 


(a) Find the Jacobian matrix of the system. 


(b) In the neighbourhood of each of the equilibrium points (0,0) and (7,0): 
e find the linear system of differential equations which gives the ap- 
proximate behaviour of the non-linear system near the equilibrium 
point; 
e find the eigenvalues of the matrix of coefficients; 
e use the eigenvalues to classify the equilibrium point of the linearized 
system. 


In the previous exercise we have seen that the equilibrium point « = 0, y = 0, 
which corresponds to a stationary pendulum hanging vertically downwards, 
is a stable centre. So the paths in the neighbourhood of this point correspond 
to (small) oscillations of the pendulum. Our conclusion that this equilibrium 
point is a centre applies only to the linearized system, and may not be 
applicable to the non-linear system. However, we can show that the origin 
is a centre of the non-linear system — this follows from the conservation of 
mechanical energy. 


The second equilibrium point, x = 72, y = 0, corresponds to a stationary 
pendulum pointing vertically upwards. We have seen that this equilibrium 
point is an unstable saddle. This means that if we disturb the stationary 
pendulum slightly, the pendulum will move further away from the equilib- 
rium point. 
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So far we have investigated the motion of the pendulum in the neighbour- 
hood of the equilibrium points. But what about the motions which are not 
close to the equilibrium points? In order to investigate these, we need to 
use the vector field, which is shown in Figure 3.2 along with the associated 
phase paths. We can see that the pendulum has two distinct types of be- 
haviour. First, there are paths like ABCD, which represent oscillations of 
the pendulum without it ever reaching the upwards vertical. Secondly, there 
are paths like EF'GH, which represent the pendulum continuously circling 
the support in an anticlockwise direction, with the value of «x increasing. 
The path IJ KL represents a similar motion, but in a clockwise direction. 


In the End-of-Section Exercises, we shall investigate the behaviour of the 
damped pendulum. 


If you have time, now would be a suitable time to work through 
the optional multimedia package “Pendulums and phase planes”. 


End-of-section Exercises 


Exercise 3.5 

Consider the non-linear system of differential equations 
<= y, 
y= —" sin — EY, 

arising from the damped pendulum equation. 

(a) Find the Jacobian matrix of the system. 


(b) In the neighbourhood of each of the equilibrium points (0,0) and (7, 0): 
e find the linear system of differential equations which gives the ap- 
proximate behaviour of the system near the equilibrium point; 
e find the eigenvalues of the matrix of coefficients; 
e use the eigenvalues to classify the equilibrium point of the linearized 
system. 


Note: For the equilibrium point (0,0), you will need to treat the cases 
O<ée < 2w, ¢ = 2w and € > 2w separately. 


*Exercise 3.6 


Figure 3.3 shows the vector field for Equations (3.7), which arise from the 
damped pendulum equation for 0 < ¢ < 2w. Describe the behaviour of the 
pendulum as it follows the path ABCD. 


4 Computer activities 


In this section you will carry out activities to show that the theoretical 
results based on linearization give a reasonable approximation to the solution 
close to the equilibrium points of a system modelled more accurately by non- 
linear differential equations. 


Section 4 Computer activities 


Figure 3.2 


YA. A 
WIRD OSS 


Figure 3.3 
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Use your computer to complete the following activities. 


*Activity 4.1 


Consider the two populations modelled by the equations 


ae _ (5x — 0.0000522, 

dt 

d 

“t= —0.1y +0.0004ry — 0.01y (x > 0, y > 0). 


The vector field for this pair of differential equations is given by 


n(z,y) = 0.52 — 0.000 05x? 
Y= | _O1y +0.0004ry — 0.01y2 |’ 


(a) Construct the vector field plot for this equation over the ranges 
0 <a < 20000 and 0 < y < 600, using 20 steps in each direction. Find 
all the equilibrium points in this region, and determine, as far as you 
can, the nature of each. 


(b) To investigate further the nature of the equilibrium points, calculate 
and display numerical solutions for the initial conditions (100,500), 
(15 000, 100), (0,500) and (15000, 0) over the time interval 0 < t < 20. 


(c) Interpret the behaviour of the two interacting populations. 


*Activity 4.2 


Consider the motion of a pendulum, modelled for large oscillations and 
quadratic damping by the second-order differential equation 


ie a 0.017D?2 dx |\dx 
a i oe | 


where m = 1kg is the mass of the pendulum bob, D = 0.1m is its diam- 
eter, and g = 9.81ms~? is the acceleration due to gravity. The variable x 
is the angular displacement of the bob from the downward vertical in an 
anticlockwise direction. The vector field that gives rise to the phase plane 
for this differential equation is given by 


’ 


y 
ute, 7) = 0.017D? 
—gsin x — —— — y ly 


where y = dx/dt. 


(a) Construct the phase plane for this equation, and confirm that there 
are equilibrium points at (—27,0), (—7,0), (0,0), (7,0) and (27,0). 
Determine the nature of each of these equilibrium points. Use the ranges 
—297 <a < 27 and —6 < y < 6, with 20 steps in each direction. 


(b) To investigate further the nature of the equilibrium points at (—7,0), 
(0,0) and (7,0), calculate and display numerical solutions for the initial 
conditions (—7, 0.3), (7,-0.3), (1,0) and (3,0) over the time interval 
0=?t< 80. 


What can you deduce about the nature of these equilibrium points? 


(c) Interpret the behaviour of the pendulum for the four given initial con- 
ditions. Compare this behaviour with that described in Exercise 3.6. 
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Outcomes 


Outcomes 


After studying this unit you should be able to: 

e use a vector field to describe a pair of first-order non-linear differential 
equations, and use paths in the phase plane to represent the solutions; 

e derive the Lotka—Volterra equations modelling the populations of preda- 
tors and prey, and interpret their solution using paths in the phase plane; 

e find the equilibrium points for a system of non-linear differential equa- 
tions; 

e find linear equations that approximate the behaviour of a system of non- 
linear differential equations near an equilibrium point, and determine 
whether this equilibrium point is stable or unstable by sketching paths 
near it; 

e use the eigenvalues and eigenvectors of the matrix of coefficients that 
arises from the linear approximation near an equilibrium point to classify 
an equilibrium point as a source, a sink, a star source, a star sink, an 
improper source, an improper sink, a spiral source, a spiral sink, a saddle, 
or a centre; 

e interpret points and paths in the phase plane; 

e describe, using vector fields and paths in the plane, the qualitative be- 
haviour of the undamped pendulum and the damped pendulum. 
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Solutions to the exercises 


Section 1 


1.1 The growth rate is proportional to the current pop- 
ulation when every individual has an equal opportunity 
to survive and breed, and there are no external factors, 
such as a shortage of food, that might limit growth. 
This is generally true when the population is relatively 
small. 


1.2 Assuming a constant proportionate growth rate 
means that no matter how large the population be- 
comes, the proportionate birth rate exceeds the propor- 
tionate death rate by the same amount. The population 
goes on increasing in the same way. This can never be 
completely realistic for animals in the wild: for exam- 
ple, at some point the food supply that sustains the 
population must begin to be exhausted. The difference 
between the proportionate birth and death rates must 
then fall. 


1.3 The solution of the differential equation 4 = —hy 
is y = De~"*, where D represents the initial fox popu- 
lation, so the number of foxes is declining exponentially. 
This equation represents a declining population of foxes, 
which is what we would expect as the foxes have no ac- 
cess to their assumed sole source of food, namely rab- 
bits. 


1.4 The system of differential equations is 


r= X, 
y=—Y. 

The general solution is 
ni=Ce, 2) =D. 


Eliminating t gives 

ay = A, 
for some constant A. Some paths corresponding to these 
hyperbolae are shown in Figure 1.6. 
There is a path through the origin. It is obtained by 
taking C = D=0 and «x = y = 0 for all t. The ‘path’ 
consists of just the point at the origin. 


1.5 Rearranging Equation (1.7), we obtain 
x k 
-~=k—-—y, 
£ y? 
which is the equation of a straight line, as shown below. 
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The proportionate growth rate #/x of rabbits decreases 
as the population y of foxes increases, becoming zero 
when y = Y. The population x of rabbits will increase 
if the population y of foxes is less than Y, but will de- 
cline ify > Y. 


Similarly, we have the graph of y/y as a function of x. 


y/yt 


The proportionate growth rate y/y of foxes increases 
linearly as the population x of rabbits increases. The 
fox population y will decrease if the population x of 
rabbits is less than X, but it will increase if x is greater 
than X. 


1.6 (a) (0 O}f (b) [0 —10)? (c) [0 —5j7 
(d) [50 O]” (e) [0 O}” =f) [0 5)? 
(g) [25 0}” (hb) [-25 oj? 


Note that u(x, y) = 0 for (a) and (e). 


1.7 The differential equations under consideration are 


é = 0.052 (1- vane 


y= Oly (1-7). 
(a) (i) &=0 when x = 0 and when y = 100. 
(ii) @ > 0 when # > 0,0 < y < 100. 
(iii) &« <0 when « > 0, y > 100. 
(b) (i) y=0 when y = 0 and when x = 1000. 
(ii) y > 0 when x > 1000, y > 0. 
(iii) y < 0 when 0 < x < 1000, y > 0. 


(c) The information from parts (a) and (b) is summa- 
rized in the next diagram. 


YA 
z=0| ¢<0,47<0 y=0 z<0,y>0 
“a0 z=0 z=0 
z£=0| ¢>0,7<0 y=0 z>0,y>0 
. . > 
0 y=0 1000 y=0 x 


Using this information and Figure 1.7, typical paths 
representing solutions are shown below. 


100 ap = 


Rv 


0 1000 


This shows a path down the positive y-axis, a path to 
the right along the positive x-axis, and various cycles 
about the point (1000, 100). The path down the y-axis 
describes a population of foxes decreasing to zero in the 
absence of rabbits. The path to the right along the z- 
axis describes a population of rabbits increasing without 
limit in the absence of foxes. The cycles, which may not 
be closed (as shown in the diagram), indicate popula- 
tions evolving as described in the paragraph preceding 
this exercise. 


1.8 Using Procedure 1.1, we have to solve the pair of 
simultaneous equations 


O.la — 0.0052y = 0, 

—0.2y + 0.0004xy = 0. 
Factorizing these equations gives 

0.1a(1 — 0.05y) = 0, 

—0.2y(1 — 0.0022) = 0. 
From the first equation, either « = 0 or y = 20. 
If « = 0, the second equation gives y = 0, hence (0,0) 
is an equilibrium point. If y = 20, the second equation 
gives x = 500, so (500, 20) is another equilibrium point. 
Therefore the only equilibrium points are when there 
are no animals or when there is a balance between 500 


prey and 20 predators. Using the values for this sec- 
ond equilibrium point, the equations can be put in the 


Solutions to the exercises 


standard form 


#=010(1- 3), 


y= —0.2y (i-< 


1.9 Procedure 1.1 leads to the pair of simultaneous 
equations 

z(20 a y) = 0, 

y(10 — y)(10 — x) = 0. 
From the first equation, either « = 0 or y = 20. 
If « = 0, the second equation gives y = 0 or y = 10. If 
y = 20, the second equation gives x = 10. Hence the 
equilibrium points are (0,0), (0,10) and (10, 20). 
1.10 (a) Stable (b) Unstable (c) Stable 
1.11 We evaluate the various partial derivatives given 
in the solution to Example 1.3. At the equilibrium point 
(0,0), we obtain 


Ou Ou 
Bn 0) _— k, ay 0, 
Ov Ov 


Thus the required linear approximation is 
l= [> a) [f 
q 0 —h} |@]’ 
giving the pair of equations 
p= kp, 


q = —hq. 
(These are the equations studied in Subsection 1.2.) 


1.12 Here we have 


u(x, y) = «(20 —y), 
giving partial derivatives 


v(z,y) = y(10 — y)(10 — 2), 


5g (Ory) = 20-9, 
Ou 

By @¥) a, 
ov 


Fy eu) = 266 9) (10 ~ 2) 


So the Jacobian matrix of the vector field u(x, y) is 
20 —y —o 
J(v,y) = 
=| yoy) 26 —nto—2) 
At the equilibrium point (10,20) we have 
0 —10 
J(10, 20) = lag 4 


so the linear approximation is 
[i]= [0 a) [7 
q 200 O} lq]? 
giving the pair of equations 


p=-—10gq, 
g = 200p. 
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1.13 Solving the equations 32 +2y—8 =0 and 
x +4y —6 =0, we obtain the equilibrium point x, = 2, 
Ye = 1. 

Putting « = 2+ p and y=1+q, we obtain the matrix 
equation 


)= [2 3) [2]. 


1.14 (a) To find the equilibrium points, we solve the 
simultaneous equations 


0.52 — 0.000 05a? = 0, 
—0.ly + 0.00042y — 0.01y? = 0. 
Factorizing these equations gives 
0.52(1 — 0.00012) = 0, 
—0.ly(1 — 0.004a + 0.ly) = 0. 
The first equation gives 
x=0 or x=10000. 
If « = 0, the second equation is 
—0.1y(1 + 0.1ly) = 0, 
which gives y = 0 or y= —10. As y > 0, only the first 
solution is possible. This leads to the equilibrium point 
(0,0). 
If x = 10000, the second equation is 
—0.1y(—39 + 0.1y) = 0, 


which gives y= 0 or y = 390. So we have found 
two more equilibrium points, namely (10000,0) and 
(10 000, 390). 


(b) We have 
u(a,y) = 0.5a — 0.000 0527, 
v(x, y) = —0.1y + 0.0004xy — 0.01y?. 


So the Jacobian matrix is 


I(v,y) = [99 = 0.0001 0 
Y=]  9.0004y 0.1 + 0.0004a — 0.02y |’ 
(c) At the equilibrium point (0,0), 


0.5 O 
ae E pA 
and the differential equations in the neighbourhood of 
this equilibrium point are approximated by 


Bb) [05 0 ][p 
gd} 10 —o1]/@|° 
At the equilibrium point (10000, 0), 
—0.5 0 
0 3.9]? 


and the linearized approximations to the differential 
equations near this equilibrium point are 


J(10000,0) = 
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p| _|-0.5 0 ) 
q| | O 39] Ja@}’ 
Finally, at the equilibrium point (10000, 390), 


—0.5 0 
0.156 —3.9}’ 


and the differential equations near the equilibrium point 
are 


Hi] = [ots 30] [4]: 


Section 2 


J(10.000, 390) = | 


2.1 (a) The characteristic equation of the matrix of 
coefficients is 

(3 —A)(1— A) =, 
so the eigenvalues are \ = 1 and A= 3. 
(b) As the eigenvalues are positive and distinct, the 
equilibrium point is an unstable source. 


2.2 (a) The characteristic equation of the matrix of 
coefficients is 


—A(-3 — A) +2=0, 

ie. \? + 3\ +2 =0, which factorizes to give 
(A + 1)(A + 2) = 0, 

so the eigenvalues are \ = —1 and \ = —2. 


(b) As the eigenvalues are negative and distinct, the 
equilibrium point is a stable sink. 


2.3 (a) The characteristic equation of the matrix of 
coefficients is 


(1 — A)(—2 — A) —4=0, 
i.e. \? + \—6 =0, which factorizes to give 

(A — 2)(A+ 3) =0, 
so the eigenvalues are \ = 2 and A = —3. 
The eigenvectors [a |? corresponding to \ = 2 satisfy 
the equations 

—a+2b=0, 

2a — 4b = 0. 
So an eigenvector corresponding to the positive eigen- 
value \ = 2is[2 1)”, and all the eigenvectors are along 
the line q = 5D. 
The eigenvectors [a |” corresponding to 4 = —3 sat- 
isfy the equations 

4a + 2b = 0, 

2a+b=0. 
So an eigenvector corresponding to the negative eigen- 
value is [1 —2]", and all the eigenvectors are along the 
line q = —2p. 


(b) The matrix of coefficients has a positive and a neg- 
ative eigenvalue, so the equilibrium point is an unstable 
saddle. 


(c) There are two straight-line paths, namely g = 4p 
and q = —2p. On the line q = $p, the point (p(t), q(t)) 
moves away from the origin as ¢ increases, because 
the corresponding eigenvalue is positive. On the line 
q = —2p, the point approaches the origin as t increases, 
because the corresponding eigenvalue is negative. This 
information, together with the knowledge that the equi- 
librium point is a saddle, allows us to sketch the phase 
diagram (see below). 


2.4 (a) The characteristic equation of the matrix of 
coefficients is 


(2 —A)(—2 — A) +5 = 0, 
i.e. A? +1=0, so the eigenvalues are \ =i and A = —1. 


(b) As the eigenvalues are imaginary, the equilibrium 
point is a stable centre. 


2.5 (a) The characteristic equation of the matrix of 
coefficients is 


(1—2)? +1=0, 
ie. \? — 24 + 2 = 0, which has complex roots \ = 1+i 
and A= 1-12. 


(b) As the eigenvalues are complex with positive real 
part, the equilibrium point is an unstable spiral source. 


2.6 (a) The differential equations are 


p= 2p, 
q = 24q, 

which have general solution 
p(t) =Ce™*, q(t) = De”, 


where C and D are arbitrary constants. 


(b) Eliminating ¢ from the general solution, the equa- 
tions of the paths are 


D 
=—-)Vp= K 
q cP P, 


where kK = D/C is also an arbitrary constant. So the 
paths are all straight lines passing through the origin. 


The above analysis has neglected the possibility C = 0. 
In this case the path is p = 0, which is also a straight 
line passing through the origin, namely the q-axis. 


(c) Both p(t) and q(t) are increasing functions of time, 
so the point (p(t), q(t)) moves away from the origin as 
t increases. So the equilibrium point is unstable. 


Solutions to the exercises 


2.7 (a) The characteristic equation is 
(2— A)’ =0, 
so the matrix has the repeated eigenvalue A = 2. 
The eigenvectors [a _b|” corresponding to this repeated 
eigenvalue satisfy the equations 
0=0, 
a=0, 
so all the eigenvectors take the form [0 k]”, where k 


is a (non-zero) constant. There is only one independent 
eigenvector, an obvious choice being v = [0 1)”. 


(b) Using the solution to part (a) and Procedure 2.2 of 
Unit 11, we need to find the vector b= [ce d]? which 
satisfies the equation 


ot EE 


Sob=[1 0)", and the general solution of the system 
of differential equations is 


flee) eel 


Le. 

p(t) =Ce”, g(t) = Cte** + De™. 
2.8 The characteristic equation of the matrix of coef- 
ficients is 


Mw +hk =0. 


The eigenvalues are \ = tiVhk, so the equilibrium 
point is a stable centre. 


2.9 The eigenvalues of the matrix of coefficients are 
\ =k and \ = —h. So the equilibrium point is an un- 
stable saddle. (In fact, in this case we have to restrict 
p and q to non-negative values, but this does not affect 
our conclusion.) 


2.10 (a) The characteristic equation is 

N? —4\ +13 = 0, 
so the eigenvalues are 2 + 37 and 2 — 32, corresponding 
to the eigenvectors [1 —i]? and [1 i]”, respectively. 
The general solution is 


Ppl _ cos 3t | 94 sin 3t} 94 
|? =o | ee +p|_sese ‘ 


As the eigenvalues are complex with a positive real com- 
ponent, the equilibrium point p = 0, q = 0 is an unstable 
spiral source. The paths are similar to those of Fig- 
ure 2.6, but with the arrows pointing away from the 
origin. 

As the equilibrium point of the linear approximation is 
not a centre, the corresponding equilibrium point of the 
non-linear system is also an unstable spiral source. 
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2.11 (a) The equilibrium points are given by 
(l+a—-2y)r =0, 
(a —1)y=0. 
The second equation gives 
x=1 or y=0. 
When «x = 1, substituting into the first equation gives 
2—2y = 0, 
which leads to y = 1. So (1,1) is an equilibrium point. 
When y = 0, substituting into the first equation gives 
(l+a)a =0, 
hence « = 0 or = —1. So we have found two further 
equilibrium points, namely (0,0) and (—1,0). 
(b) With the usual notation, 
u(x,y) = (l+2—2y)e =24+ 27 —2Qay, 
v(@,y) = (@— ly = ay —y. 
So the Jacobian matrix is 


Ou Ou 

Ox Ody = ae —2¢ 
Ov Ov y x-1}- 
da Oy 


(c) At the point (0,0), the Jacobian matrix is 


lo -1)) 


so the linearized system is 


p|_|{1 O|} |p 

qq) |O —-1] |@]’ 
The eigenvalues of the matrix of coefficients are \ = 1 
and A = —1. As one of the eigenvalues is positive and 
the other is negative, the equilibrium point of the lin- 


earized system is an unstable saddle. 
At the point (—1,0), the Jacobian matrix is 


me 


so the linearized system is 


P|) |=) 2) |p 

al-[ 2] [6] 
The eigenvalues of the matrix of coefficients are \ = —1 
and A = —2. As the eigenvalues are negative and dis- 
tinct, the equilibrium point of the linearized system is 


a stable sink. 
At the point (1,1), the Jacobian matrix is 


i] 
1 0}? 
so the linearized system is 

l= [ “ol le 

q 1 Oj} La@]- 

The characteristic equation of the matrix of coefficients 
is 

NW -rA+2=0. 
The roots of this quadratic equation are 

A= 41 +iv*7), 


so the eigenvalues are complex with a positive real com- 
ponent. 


44 


Hence the equilibrium point of the linearized system is 
an unstable spiral source. 


(d) As none of the equilibrium points of the linearized 
systems found in part (c) are centres, the behaviour 
of the original non-linear system near the equilibrium 
points is the same as that of the linear approximations. 
In other words, 


(0, 0) is an unstable saddle, 
(—1,0) isa stable sink, 
(1,1) is an unstable spiral source. 


Section 3 


3.1 If we replace 6 by x and let y = & = 0, we have 
y=t=O0= —w? sind — £0 
= —w* sing — ey. 
So the system of first-order differential equations which 
is equivalent to Equation (3.5) is 
r=y, 
y = —w* sin a — ey. 
The associated vector field is 


u(z,y) =[y —w* sine — ey] 


P 
3.2 (a) To find the equilibrium points, we use Proce- 
dure 1.1 and put u(z,y) = 0: 


y= 0, 

—w* sing = 0. 
So there are two equilibrium points in the range 
—1 <a <7, namely (0,0) and (7,0). 


(b) The equilibrium point (0,0) corresponds to 6 = 0, 
6 = 0. Physically, this corresponds to a stationary pen- 
dulum hanging vertically downwards. A small distur- 
bance from this equilibrium point will result in small 
oscillations about the downwards vertical. So we would 
expect this equilibrium point to be stable. 

The equilibrium point (7,0) corresponds to 0 = 7, 
6 = 0, which is a pendulum pointing vertically upwards 
at rest. (Not easy to achieve in practice!) A small dis- 
turbance from this equilibrium point will result in the 
pendulum moving away from the upwards vertical and 
speeding up until it is vertically downwards. It will 
move through its lowest position and continue to move 
in the same direction. It will then slow down and head 
towards the highest point again. So we would expect 
this equilibrium point to be unstable. 


3.3 (a) As in Solution 3.2, to find the equilibrium 
points we need to find the solutions of 

y=0, 

—w'a — ey = 0. 
Substituting y = 0 from the first equation into the sec- 
ond equation leads to « = 0 or x = 7. So there are two 
equilibrium points in the range —7 < # < 7, namely 
(0,0) and (7, 0). 


(b) Using reasoning similar to that used in Solu- 
tion 3.2(b), the equilibrium point (0,0) corresponds to 
a pendulum hanging vertically downwards at rest. We 
expect this equilibrium point to be stable. The equilib- 
rium point (7,0) corresponds to a stationary pendulum 
pointing vertically upwards. We expect this equilibrium 
point to be unstable. 


3.4 (a) Using the usual notation, 


u(z,y) =y, 
v(x, y) = —w’ sin 2. 
So the Jacobian matrix is 
Ou Ou 
7 da Oy =| 0 : 
~ | dv dv | |—wcosx 0] ” 
dx Oy 


(b) Using Procedure 2.2, in the neighbourhood of the 
equilibrium point (0,0), the linear system of differential 
equations which approximates the non-linear system is 


p|_| 0 1][p 

gq} |-w O}la@]’ 

The characteristic equation of the matrix of coefficients 
is 


+0? =0, 


so the eigenvalues are \ = +iw. 


Hence the equilibrium point (0,0) is a stable centre. 


The approximating linear system of differential equa- 
tions in the neighbourhood of the equilibrium point 
(1, 0) is 


F}-[2 JE) 


The eigenvalues of the matrix of coefficients are A = -Ew. 


Hence the equilibrium point (7,0) is an unstable saddle. 


3.5 (a) Using the usual notation, 
u(x, y) = y, 
v(z, y) = —w* sine — ey. 


So the Jacobian matrix is 


—WCOSX —E 


(b) The linear system of differential equations which 
approximates the system near the equilibrium point 
(0,0) is 


p| _| 9 1) |? 
qc) |e =e] lel’ 
The characteristic equation of the matrix of coefficients 
is 
M+ erA+u? =0, 
For 0 < € < 2w, the eigenvalues are 
N= §(-€ £ iv 4w? — €?), 


so the equilibrium point is a stable spiral sink. 


For € = 2w, the eigenvalues are real, negative and equal. 
There is only one independent eigenvector, so (0,0) is 
a stable improper sink. 


Solutions to the exercises 


For € > 2w, the eigenvalues are 


A= $(-e + Ve? — dw). 


Both the eigenvalues are negative, so (0,0) is a stable 
sink. 


The approximating linear system of differential equa- 
tions in the neighbourhood of the equilibrium point 
(7, 0) is 


B10 flip 

q| |w? -el lal’ 
The characteristic equation of the matrix of coefficients 
is 

NV +ert-w* =0, 

so the eigenvalues are A = $(—e + Ve? + 4w?). One of 
these eigenvalues is positive, whereas the other is nega- 
tive, so the equilibrium point (7,0) is an unstable sad- 
dle. 


3.6 At A the pendulum is moving in an anticlockwise 
direction and approaching its highest point. It slows 
down as it passes through this point, and continues to 
slow down until a little after the highest point at B. 
It then continues to move in an anticlockwise direction, 
and speeds up until it reaches C’. It moves through its 
lowest position, still moving anticlockwise, and heads 
towards its highest point again — but does not reach 
it. At D it stops, then falls back and oscillates about 
its lowest point with ever-decreasing amplitude. 
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UNIT 14 Modelling motion in two and 
three dimensions 


Study guide for Unit 14 


This unit is about motion and forces in more than one dimension. It draws 
on ideas about vectors (Unit 4), forces and components of forces (Unit 5), 
and fundamental ideas about the mechanics of particles, in particular New- 
ton’s second law (Unit 6). There is also mention of kinetic energy and 
potential energy (Unit 8). 


You should study Sections 2 and 3 in the order in which they appear. From 
the point of view of later units, the material in Section 2 is more important 
than that in Sections 1 and 3. You will need your computer when studying 
Section 3. 


You should expect Section 2 to take about twice as long as each of the other 
sections. You may wish to treat Subsections 2.1 and 2.2 as one study session, 
and Subsections 2.3 and 2.4 as a second study session. 


There are two short video sequences in Section 2, each showing an example 
of the types of motion discussed. However, it is not essential that you view 
these video sequences at exactly the point where the associated exercises 
occur, though you should ensure that you have watched the appropriate 
sequence before trying the associated exercise. 
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Unit 14 Modelling motion in two and three dimensions 


Introduction 


In Units 6, 7 and 8 you saw models of the motion of an object in one 
dimension. In this unit, we turn to motion in more than one dimension. 
In Unit 4 you met vectors — quantities with magnitude and direction. In 
modelling one-dimensional motion, we noted that many quantities of interest 
in mechanics are vectors: for example, force, velocity and acceleration all 
have both magnitude and direction. In modelling motion in more than one 
dimension the role of vectors is more crucial, as it was in Unit 5 when 
modelling forces in equilibrium in two and three dimensions. 


The first type of motion we consider here involves objects constrained to 
follow some particular path in two or three dimensions. This might be a 
vehicle cornering, or a car on a funfair ride following a complicated path 
determined by its track. In Section 1 we consider such constrained motions, 
with particular consideration devoted to calculations relating to passenger 
sensations of forces on amusement park rides and in cars driving over hump- 
backed bridges. 


A thrown object, such as a basketball (see Figure 0.1) or a shot, from the 
point of release until it hits the ground, is subject only to the force of 
gravity and to any force exerted on it by the air (broadly referred to as air 
resistance). Such objects are examples of projectiles and form the second 
type of example whose motion we shall consider, where we know the forces 
acting on the object and want to deduce the path of the object through 
space. Of course, such thrown objects may happen to execute motion that 
is purely vertical (straight up and straight down), but our interest here is 
in cases where the motion is horizontal as well as vertical. Athletic and 
sporting activities provide a wide variety of examples of projectile motion. 
As well as the throwing or striking of objects such as basketballs or golf 
balls, sports may involve humans themselves acting as projectiles, as in 
diving, long-jumping and ski-jumping. 


Here we shall deal mainly, though not exclusively, with models of projectiles 
without air resistance. Section 2 examines a variety of aspects of such mo- 
tion, including energy considerations. In Section 3 we look briefly at how air 
resistance may be introduced into models of projectile motion. There you 
will use your computer to investigate the magnitude of air resistance effects 
on the ‘range’ of a projectile. There are a number of interesting aspects of 
projectile motion that we are not able to cover. These include ‘lift’ forces, 
which affect the flight of ski-jumpers for example, and forces on spinning 
balls, leading to ‘swing’ for a cricket ball for example. 


In many of the examples considered in this unit, the size of the moving 
object is of significance. For example, a motorcycle when cornering must 
have its centre of mass positioned appropriately to avoid falling over. We 
shall not consider such aspects of motion here, though. In this unit we shall 
consider only objects modelled as particles. 


Throughout this unit we shall make use of Newton’s second law of motion 
in vector form, given by 


F = ma, (0.1) 


where the total force F and the acceleration a are vectors. In Unit 6 this law 
was used almost exclusively in one dimension. Here we shall be concerned 
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Figure 0.1 


Conservation of mechanical 
energy was introduced in 
Unit 8. 


with its use in more than one dimension. As you saw in Unit 6, if the 
position vector of a particle is known as a function of time, we can obtain 
its velocity and acceleration vectors by differentiation. To differentiate the 
position vector function r(t) with respect to t, we differentiate separately 
each of the functions giving its i-, j- and k-components. We shall usually 
employ the notation r(t) (or just r) for the velocity v = d(r(t))/dt. Similarly, 
we shall usually write ¢(t) (or just ¢) for the second derivative of r(t) that 
gives the acceleration a. 


Throughout this unit we shall use SI units. In numerical calculations, in 
Examples and Exercises, we shall work to the full accuracy of the calcu- 
lator throughout, but quote intermediate results and the final answer to 
4 significant figures. 


1 Bumpy rides 


A designer of a rollercoaster ride wants to make it as exciting as possible. 
It also needs to be safe. High speeds alone are not sufficient to provide the 
excitement. The experience of passengers on the ride is largely determined 
by the forces they experience from their seats. The designer will incorporate 
forces whose magnitude is close to zero, creating a feeling of near weightless- 
ness, and, in contrast, forces whose magnitude is greater than those provided 
by gravity alone. The forces have components not only vertically and in the 
direction of motion, but also sideways, although the sideways components 
tend to be of lesser magnitude, since they are less welcomed by passengers 
and can pose problems in the engineering of the supporting structures. 


Suppose that the designer of a ride can specify both the shape of the track 
and the speeds at which it will be traversed, and so, in effect, can specify 
the position in space of a car on the ride as a function of time. Now, if the 
car’s position vector r is known as a function of time, we can deduce its 
velocity and acceleration by differentiation of r and can then use Newton’s 
second law to find the total force on the car. Such knowledge will provide 
information about the likely experiences of a passenger on the ride and also 
about the safety of its design. 


In this section we shall investigate the forces on passengers in a variety of 
situations. We start with cars accelerating on straight tracks inclined to the 
horizontal. In Subsection 1.2 we consider a vehicle going over a hump of 
known shape, while in Subsection 1.3 we look at some examples that do not 
fall into either of these categories. 


1.1 Acceleration on slopes 


We shall start our consideration of motion in two and three dimensions by 
looking at a one-dimensional situation, namely the forces involved when a 
vehicle is accelerating on a slope. In Unit 6 we considered an object sliding 
down a slope under gravity. Here we consider a vehicle accelerating under 
its own power on a sloping track. 


Section 1 Bumpy rides 
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Example 1.1 


A car is accelerating up a slope of angle @ to the horizontal with an accel- 
eration of magnitude a. Assuming that a passenger follows the motion of 
the car exactly, what is the magnitude of the force exerted by the seat on a 
passenger of mass m? 

Solution 


The forces on the passenger are the passenger’s weight W, which has di- 
rection vertically downwards and magnitude |W| = mg, and the force R 
exerted by the seat (see Figure 1.1). Suppose that R makes an angle a with 
the slope as shown in the diagram. We know the component (magnitude a) 
of the acceleration up the slope and the component (magnitude 0) of the 
acceleration normal to the slope. So it is convenient to choose axes in these 
directions. Choosing the unit vector i to be up the slope and the unit vector 
j to be normal to the slope, as shown in Figure 1.1, we have 


W = —mgsin@i— mg cos 6j, 
R = |R|cosai+ |R|sinaj 
and 
r= ai. 
Newton’s second law gives 
R+W =m, 
i.e. ([R| cosai+t |R|sinaj) + (—mgsin0i — mgcos6j) = mai. 
Equating the i- and j-components on both sides of this equation, we obtain 
R| cosa — mgsin@ = ma 
and 
R|sin a — mg cos 6 = 0. 
We are asked for |R|. We have 
R| cosa = mgsin@ + ma = m(a-+ gsin@) 


and 


R| sina = mgcosé. 


We wish to eliminate a. If we square each of these equations and then add 
them, we obtain 


|R|? = m?(a + gsin 6)? + mg? cos? 6 
m?(a? + 2agsin 6 + g” sin? 6 + g? cos? 6) 
= m?(a? + 2agsin 6 + g?). 


Hence |R| = m,/a? + 2agsin6+g9?. 


*Exercise 1.1 


A car accelerates down a slope inclined at an to the horizontal with an 
acceleration of magnitude 4 g. What are the magnitude and direction of the 
force exerted by the seat on a passenger of mass m? 


1.2. Crossing a hump-backed bridge 


You may be familiar with the rather curious sensation associated with driv- 
ing at speed over a hump-backed bridge. During such a manoeuvre, the 
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We assume that the car is 
closed, so there is no force 
due to air resistance acting on 
the passenger. 


Figure 1.1 


cos? 6+ sin? 6 =1 


force from the seat seems to vary. At the top of the bridge your stomach 
seems to rise and there is a tendency to leave the seat. The situation causes 
the force exerted by the seat on a passenger to vary with the car’s position. 


Consider a bridge that appears straight when viewed from above. (That is, 
the road does not bend sideways as it goes over the bridge.) The motion of 
a car going over such a bridge will be confined to two dimensions, i.e. to the 
vertical plane containing the bridge. (We are modelling the car as a particle 
and ignoring the width of the road.) Suppose that a car is driven over 
the bridge in such a way that it has a velocity with a constant horizontal 
component. A constant speed might seem to you to be more likely. We 
choose to look at a constant horizontal component because the mathematics 
is then less complicated. 


We shall consider the forces on a passenger (of mass m) riding in the car. 
Assume that this passenger follows exactly the same path as the car as 
a whole. Now the forces on the passenger are those exerted by the seat, 
R say, and the passenger’s weight W. In general, R will have non-zero 
components in both the horizontal and vertical directions. If we choose i to 
be the horizontal unit vector and j to be the vertical unit vector, as shown 
in Figure 1.2, then W = —mgj and R = Rii+ Roj, where R; and Ro are 
the horizontal and vertical components of the reaction R. Newton’s second 
law applied to the passenger gives 


R+W=nmr, 
or 
(Rii+ Raj) — mgj = mr = m(#i + 9), 


where y is the height of the bridge at a horizontal position x. Equating 
the components in the i- and j-directions on both sides of this equation, we 
obtain 


Ry = mz, 


Ro-mg = my. 


(1.1) 


The horizontal component « of the velocity is constant, so 7 = 0 and R, = 0. 
So, in this case, the force exerted on the passenger by the seat acts vertically 
upwards. To find Rg, we need to know the profile of the bridge. We shall 
consider a hump-backed bridge with a profile in the vertical plane given by 


5 (1 cos (7 ) (0<2<L). 


Such a bridge has length DL and maximum height h, as indicated in Fig- 
ure 1.3. Suppose that the constant component of the velocity of the car in 
the x-direction is u, i.e. & = u, where wu is positive if the car is moving in 
the positive x-direction. If t is measured from the instant when the car is at 
the beginning, « = 0, of the bridge, then its horizontal position after time t 
will be x = ut. Consequently the y-coordinate can be written in terms of t 
rather than x, as 


(1-e«(7)) (ses). 


To obtain an expression for Rz from Equation (1.1), we need ij, which we 
obtain by differentiating Equation (1.3) twice with respect to t. We obtain 


— h f2ru . 2Qrut 7 thu. 2Qrut 
y= 5 Z sin i =F sin Z ; 


- 2rut _ Qn hu? 2 2rut 
L 7 L ; 


y= (1.2) 


y= (1.3) 


Section 1 Bumpy rides 


Although we are considering 


a road bridge, the same 
approach can be applied to 
other situations, such as a 
fairground ride of similar 
geometry. 


a 
R 
Ww 
> 
O x 
Figure 1.2 
y 
h 
i Lal 
0 3L Lx 


Figure 1.3 Graph of 
Equation (1.2) 
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Now, from Equation (1.1), 
Ry = m(g + 9); (1.4) 


Qn hu 2rut L 
= SS He : 
Ro m(o+ RB cos ( Z )) (o<t<=) (1.5) 


The quantity 27?hu?/L? is a constant, say A, that depends on the con- 
stant horizontal component of the velocity and on the profile of the bridge. 
When x = 0, we have t = 0 and Rg = m(g+A). When « = L we have 
ut = L and Ro = m(g+ A) again. When x = 5L, we have ut = 5L and 
Ry = m(g — A) (we assume here that g > A). This means that the force 
exerted by the seat on the passenger is greatest at the start and at the end 
of the bridge, and least in the middle. The passenger’s weight is mg. The 
passenger feels lighter than this in the middle of the bridge and heavier at 
the ends of the bridge. 


sO 


If g < A, then the above calculation yields values of Rg that are negative at 
times. This cannot happen in practice, however. The seat cannot pull the 
passenger downwards — at least, not unless they are strapped into it by a 
seat belt. What is more, exactly the same analysis can be applied to the car 
as a whole (except that m then needs to be replaced by the total mass of the 
car and the occupants). The road certainly cannot pull the car downwards! 
A negative value for Rg in Equation (1.5) means that it is impossible for 
the car to remain following the profile of the bridge at the given horizontal 
speed u. At the point when Rg first becomes zero, the force exerted by 
the road on the car’s wheels becomes zero and the car leaves the ground. 
From then on, the car no longer follows the profile of the road, but instead 
becomes a projectile, until it impacts onto the road once more. 


We can generalize this to any object moving across a surface but not attached 
to the surface. A normal reaction force exerted by the surface on the object 
must act away from the surface. Suppose that a model of the motion implies 
a reaction force whose component normal to and away from the surface is 
negative. In this situation, the object is likely to leave the surface (and 
become a projectile) at the instant at which the calculated normal reaction 
becomes zero. This gives a useful test for determining when the object leaves 
the surface. 


Exercise 1.2 


A hump-backed bridge has a profile that is given by Equation (1.2) with 
h = 4 metres and L = 30 metres. A car crossing this bridge contains a 
passenger of mass 90 kilograms. 


(a) Suppose that the car crosses the bridge at a velocity with a constant 
horizontal component of 10ms~!. Calculate the greatest and least mag- 
nitudes of the force exerted by the seat on the passenger as the bridge 
is crossed. 


(b) What are the greatest and least magnitudes of the force from the seat if 
the horizontal component of the car’s velocity is increased to 15ms~!? 


(c) What is the greatest horizontal speed at which the car can travel without 
leaving the ground as it crosses the bridge? 
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You may notice that the force 
exerted by the seat on the 
passenger changes from mg to 
m(g + A) ‘instantaneously’ as 
the car starts up the bridge. 
This sudden change in 
acceleration results from a 
discontinuity at « = 0 in the 
second derivative of the 
function giving the road 
profile. This is not a good 
bridge design! 


The motion of projectiles will 
be discussed in the next 
section of this unit. 


*Exercise 1.3 


A climbing section of track on a rollercoaster ride appears straight when 
viewed from above. Viewed from the side, the track has the profile 


Y = 74g (80x? — 2°) (0< a < 20) (1.6) 


(see Figure 1.4), where the origin is taken at the start of this section of the 
track and y is its height at a horizontal position x (both measured in metres). 
Suppose that a car traverses this section of the track with a constant positive 
horizontal component u of velocity (measured in ms”). 


What value of u should be chosen to give a passenger a momentary feeling 
of near weightlessness at the end of this section of the track? 


1.3 Complicated paths 


In Subsections 1.1 and 1.2 we considered cars travelling with known acceler- 
ation on a slope and over a hump-backed bridge respectively, and calculated 
the force exerted by the seat on a passenger. Indeed, however complicated 
its path, if we know the position of a particle as a function of time, then we 
can find its velocity and acceleration by differentiation, and hence the total 
force on it from Newton’s second law. 


Example 1.2 


A rollercoaster ride starts with a horizontal bend. Working in SI units, the 
position of a car during the first five seconds of the ride is given by 


r= (10 —10cos5t)i+20sm5tj (O<t<5), 
where i and j are Cartesian unit vectors in the horizontal plane. 
(a) Find expressions for the velocity and acceleration vectors at time t. 


(b) Deduce the magnitude of the velocity and of the acceleration at t = 0. 
Show that the velocity and acceleration vectors are mutually perpendic- 
ular at this time. Are the velocity and acceleration vectors perpendicular 
att=1? 


Show that the magnitude of the acceleration of the car at time t is 


jz] = 2.54/14 3sin? St (O<t <5). 


Hence show that the magnitude of the acceleration of the car is greatest 
when t = 7. 


(d) 


Ignoring any forces due to air resistance, what is the largest magnitude 
of the force from the seat to which a passenger of mass m in the car is 
subjected while the bend is traversed? 


Solution 
(a) The velocity vector is obtained by differentiating r with respect to t: 
ee e.g dhe 
r= 5sin 5¢1+ 10cos 5tj. 
The acceleration vector is obtained by differentiating r: 


i = 2.5cos sti —5sin 5tj. (1.7) 


Section 1 Bumpy rides 


@: 
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Figure 1.4 


This path forms part of an 


ellipse. 
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(b) At ¢ = 0, the velocity is 10j and the acceleration is 2.5i. So the velocity 


—— 


has magnitude 10 and the acceleration has magnitude 2.5. The i- and 
j-directions are mutually perpendicular, so the velocity and acceleration 
are mutually perpendicular at t = 0. 


At t = 1, the velocity is #(1) = 5sin 4 i+ 10cos $j and the acceleration 
is F(1) = 2.5cos $i—5sin5j. The dot product of these vectors is 
r(1) -£(1) = 12.5sin $ cos $ — 50 sin 5 cos 4 
= —37.5sin$cos$ (= —15.78), 
which is not 0. So these vectors are not perpendicular when ¢ = 1. 


The magnitude of the acceleration found in part (a) is 


el = [2.82 cos? $t + 52 sin? $t 


= 2.54/ cos? 5t + 4sin? 5¢ 


= 2.54/1+ 3sin? 5t, 


using the identity cos? st + sin? st = 1. This expression will be a maxi- 
mum. when sin? st takes its maximum value of 1. This occurs when t = 
t+7,+37,+57,..., but the only value that occurs in the range 0 <t <5 
is t= 7. In other words, the magnitude of the acceleration is greatest 
when ¢ = 7, and this maximum magnitude is 2.5/1+3= 5. 


The seat exerts a force R such that, by Newton’s second law, 


R+W=mr, 


where W, the passenger’s weight, has magnitude mg and acts vertically 
downwards, and ¢ is the acceleration calculated in part (a), whose mag- 
nitude was found in part (c). We have R = mit — W. Since ¢ is always 
horizontal and W is vertical, these vectors are mutually perpendicular, 
so 


IR] = Vim? + TWP = vim + mg? = mye + &?. 


Since g is a constant, this expression for |R| is greatest when || has its 
greatest value. From part (c) this occurs at t = 7, and this maximum 
magnitude is |t| = 5. So the maximum value of the magnitude of the 
force from the seat is 


my 52 + 9.812 ~ 11.01m, 


which is about 12% greater than the weight of the passenger. 


Differentiating functions representing motion in three dimensions is no harder 


than for two dimensions. 
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Example 1.3 


A climbing section of a spiral rollercoaster track has the same profile in the 
vertical direction as that considered in Exercise 1.3, but looks like part of 
a circle of radius 30 metres when viewed from above. A car following this 
section of track has position vector r. In SI units, 


r = 30cos (qput) i+ 30sin (qut) j + 745 (30u70? — u*t?)k, 


for 0 <t < 20/u, where wu is a constant. Here i, j and k are Cartesian unit 
vectors, with k vertically upwards (see Figure 1.5). 


In fact, the only other time 
when the velocity and 
acceleration are perpendicular 
ist=7. 


Visualizing the geometry of 
the situations may be 
difficult, though! 


Section 1 Bumpy rides 


(a) Find expressions for the velocity and acceleration of the car. 
k 
(b) Find the speed of the car when t = 10/w. 
(c) If u= \/8g/3, what is the direction of the force exerted by aseat ona = j 
passenger at t = 20/u? 
Solution 
(a) Differentiating r with respect to t, we obtain 
= —30 (35%) sin (gout) i+ 30 (su) cos (gut) j 

+ ig (60u7t — 3u%t?) k 

usin (sgut) i+ wcos (gput) j + sia (60u7¢ - 3u*t?) k 


and Figure 1.5 
2 


r= — Zu cos (gg ut) i- au sin (gp ut) J + thu (60u? — 6u°t) k 
= pu cos (ggut) i- au sin (sgut) j + a (30u? — 3u°t) k. 
When t = 10/u, the velocity of the car is 
r(10/u) = —usin $i+ weos $j + 745 (600u — 300u) k 


= —ysin bi is 15 
= usin $i+ucossj+ uk. 


eo 
bad 


The car’s speed is the magnitude of this vector, which is 
v/v? sin? 3 + u* cos? 3 + (2 Pu? = uy/1 + + (2)? = fu. 


(c) Suppose that the passenger has mass m; the passenger’s weight is thus 
W = —mgk. Suppose that R is the force exerted by the seat on the 
passenger. Newton’s second law applied to the passenger gives 


R+W=nmr, 


so 
R = m(# + gk). 
At t = 20/u, using f as calculated in part (a), we obtain 
R=m/( wu cos ; i wu sin 3 j | (4 (30u? — 60u?) + g)k) 
= tit (—4u cos 3 i — au sin $j+(g— 34”) k). 
The k-component of R is m(g — Su). With u = \/8g/3 this is zero, so 
the force from the seat experienced by the passenger at t = 20/u is 


m ( wu cos 5 i wu sin 2 j) = amg (cos 5 i+ sin 2 j) . 
This is a horizontal force (of magnitude 8mg/90) acting radially towards 
the axis of the spiral rollercoaster track. lf 


*Exercise 1.4 


In an amusement park ride, the position of a car at time t has coordinates 
(in SI units) 

a= 3t, y=4t?, z=0 (0<t<3), 
where the x- and y-axes lie in the horizontal plane and the z-axis is vertically 
upwards. 


(a) At what angle to the horizontal is the force exerted on the car by the 
track? 


(b) What is the magnitude of the force exerted by the car’s seat on a pas- 
senger of mass 100 kilograms? 
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End-of-section Exercise 


Exercise 1.5 
A rollercoaster car of mass m descending a spiral section of track has position 
r = acosbti+ asinbtj+(h— }gt”)k 


at time t, where a, b and h are constants, and i, j and k are Cartesian unit 
vectors, with k vertically upwards. 


(a) Find the velocity and acceleration of the car at time t. 
(b) What is the force exerted by the track on the car at time t? 


(c) Show that the force exerted by the track on the car has constant mag- 


nitude m,/a2b4 + 49?. 


2 Projectiles without air resistance 


In the previous section we discussed problems where we knew the position 

of a particle as a function of time and wished to find the force acting on the 

particle. In this section we are concerned with the inverse of this problem: 

we know the force acting on the particle and wish to find the position of the 

particle as a function of time. In particular we shall discuss the motion of 

projectiles modelled as particles. We shall use the following terminology in Whenever we mention a 
our discussion. During the period that the projectile is off the ground and projectile in this section, it 
subject only to the force of gravity (and possibly air resistance), it is said will be modelled as a particle. 
to be in flight. The start of the flight is the launch, and the initial velocity 

is the launch velocity. The flight ends with an impact (often hitting the 

ground again, but possibly hitting some other target). The time of flight is 

the time between the moment of launch and the moment of impact. The 

path of the projectile while in flight is its trajectory. 


Here, we consider only models in which the effect of air resistance is assumed In ignoring air resistance, we 
to be negligible. All the models in this section make the assumption of no air also ignore effects such as the 
resistance. We revisit projectiles in the next section, and there we consider SWetve that may occur when 


the effect of taking air resistance into account. a dp ebbal) 18 etelead, Wari Bpus, 
or when a golf ball is sliced. 


In Subsection 2.1, we set up the basic methodology and consider horizon- 

tal launches. Then, in Subsection 2.2, we go on to more general launch ya : 
conditions. In Subsection 2.3, we look at the trajectory of a projectile and 1 
consider a variety of examples. Subsection 2.4 looks at energy conservation. ui ; 


ay 


2.1 Horizontal launch 


We start by considering a projectile launched in a horizontal direction. This 
might be an object thrown horizontally from the top of a cliff or bridge. The 
only force acting on the projectile while it is in flight is that due to gravity — 
we are assuming that air resistance is negligible and can be ignored. So the 
subsequent motion is in two dimensions, i.e. in the vertical plane determined 
by the direction of the launch velocity. Figure 2.1 shows a coordinate system 
in this plane. We have chosen the origin to be at the point of launch, the 
x-axis to be in the direction of the launch velocity and the y-axis to be 
vertically upwards. 


—mgj 


Figure 2.1 An object thrown 


from the top of a cliff 
56 


Section 2 Projectiles without air resistance 


The force due to gravity has magnitude mg, where m is the mass of the 
projectile, and acts vertically downwards, and therefore is —mgj. Putting 
this into Newton’s second law gives the equation of motion 


mir = —mgj. (2.1) 
Dividing by m gives 
r(t) = —gj. (2.2) 


As well as this equation of motion, we also have information about how the 
projectile was launched. Take t = 0 to be the moment of launch. Then, 
since the object is launched from the origin O, we have 


r(0) = 0. The zero vector (in two 
i F : : : : dimensions) is 0 = 0i + Oj. 
The launch velocity is horizontal, in the direction of i. Suppose that the 


magnitude of the launch velocity (or the launch speed) is u (and that this 
is known). Then 


#(0) = ui. 


The differential equation (2.2), together with the initial conditions r(0) = 0 
and r(0) = ui, constitute a ‘mathematical problem’, whose solution will give 
the subsequent position r(t) of the projectile in terms of t. We shall look at 
two ways of solving this mathematical problem. The second method works 
directly in terms of vectors. First, however, we shall deal with the x- and 
y-coordinates separately. 


‘Uncoupled’ approach 


The position vector at time ¢ is 
r(t) = a(t)i + y(dj. 

The velocity is 
F(t) = &(tjit+ y(t)j, 

and the acceleration is 
r(t) = &(t)it+ y(t)j. (2.3) 

Substituting this expression for ¢#(t) in Equation (2.2) gives 
#KWi+GOI=-ai (t>0). 


For this equation between vectors to hold, the i- and j-components on both 
sides of the equation must be equal. Hence we must have 


att) = G, (2.4) 
i) = 9. (2.5) 
We have, in effect, ‘uncoupled’ the horizontal and vertical motions, since 
these two differential equations can be solved separately for x and y. Before 


this can be done, we also need to separate the initial conditions into their 
components. Since r(0) = 2(0)i+ y(0)j = 0, we have 


(0) = 0, 

y(0) = 0. 
Since r(0) = #(0)i+ y(0)j = ui, equating the i- and j-components separately, 
we have 

0) = Bi, 

y(0) =0. 
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We first solve Equation (2.4) for the horizontal component of the motion 
with the initial conditions x(0) = 0, @(0) = u. Integrating once, we obtain 


a(t) = C, 


where C is a constant. We have «(0) = u, the (horizontal) launch speed, so 
putting t = 0 gives C = u, thus 


ae) = ux (2.6) 
A second integration then gives 
x(t) =ut+D, 


where D is a constant. Since 7(0) = 0, putting t = 0 gives D = 0, so 
v(t) = ut. (2.7) 
Consider now the vertical motion given by Equation (2.5). Integrating once, 
y(t) = —gt + E, 


where EF is a constant. Since y(0) = 0, putting t =0 gives FE =0, and 
therefore 


y(t) = —gt. (2.8) 
Integrating again gives 

y(t) = —fgt? +P m, 
where F’ is a constant. Since y(0) = 0, putting t = 0 gives F = 0, so 

y(t) = —Agt?. (2.9) 


We can recombine Equations (2.7) and (2.9) to obtain an expression for the 
position vector r of the projectile in terms of time tf, as 


r(t) = x(t)it y(t)j 
= uti — $gt?j. (2.10) 

In a similar way, combining Equations (2.6) and (2.8) gives 

v(t) =r(t) = ui — gtj 
as the vector combination of the results for the components of the velocity. 
Equations (2.7) and (2.9), ie. x(t) = ut and y(t) = —4gt?, are sufficient in 
themselves to enable us to plot the trajectory of the projectile, by plotting 
y(t) against «(t) for various values of t. An example calculation of the path 


during the first 3.5 seconds of the descent of an object thrown horizontally 
with a launch speed of 10ms~! is shown in Figure 2.2. 


However, we can readily obtain an equation giving y directly in terms of . 
We have t = x/u from Equation (2.7), and substituting this into Equa- 
tion (2.9) gives a formula for the trajectory: 


=-9(2) =e >0 2.11 
y=-£(2)'=-Ga? (@20) (2.11) 
This has the form y = Az”, where A = —g/(2u”) is a negative constant, so 


the trajectory is part of a parabola ‘opening downwards’. 


Example 2.1 


Suppose that a marble is thrown horizontally at 10ms~! from the Clifton 
Suspension Bridge. How far will it travel horizontally before it splashes into 
the River Avon, 77 metres below the point of launch? 
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Alternatively, we could 
differentiate Equation (2.10) 
with respect to t. 


yt)s 


> 
0 20 x(t) 
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Figure 2.2 


We considered the motion of 
a marble dropped from the 
bridge in Unit 6. 


Section 2 Projectiles without air resistance 


Solution 


We use a coordinate system as in the preceding discussion (see Figure 2.3) 
and concentrate first on the vertical motion. The strategy is to use the 
vertical motion to calculate the time it takes the marble to fall to the water 
surface and then to use this time to find the horizontal distance moved. 
We can use Equation (2.9) to find the time needed to fall 77 metres. The 


required value of t will correspond to y = —77 metres, that is, 
—3gt? = —77. 
This gives 


= 1/154/9.81 ~ 3.962 seconds. 


During this time, according to Equation (2.7), the marble will have moved a 
horizontal distance ut. Since u = 10, the horizontal distance moved is about 
39.62 metres. The coordinates (in metres) of the point of splashdown are 
(39.62,—77). 


39.62 m 


Figure 2.3 


In our general analysis of a horizontally launched projectile, we used the 
components of the equation of motion, y = —g and # = 0. In particular, 
integrating * = 0 gave + = C, where C is a constant. This result, which is 
independent of the initial conditions and applies to any projectile, however it 
is launched, shows an important feature of projectile motion in the absence 
of air resistance: the horizontal behaviour is constant (horizontal) speed. 


Vector approach 


An alternative approach is to integrate the vector equation (2.2), r(t) = —gj, 
directly, to produce vector expressions for the velocity and then for the 
position, without first splitting the equation into components. To do this, 
we first need to think about what it means to integrate a vector. 


Suppose that we know the velocity of some object moving in two dimensions 
as a function of time: 


v(t) = f(tji+ gj. 
a. v(t) =r(t) = £(t)i+ y(t)j, we have z(t) = f(t) and y(t) = g(t). Then 
= f f(t)dt and y(t) = f g(t) dt; that is, 


iO sepiesi= ([ #0 at) ia (fa at) 5 


Alternatively, we can write 


r(t) = f vityae= ffi + g(Oi)a 


Comparing the last two equations, we see that the integral of the vector 
function v(t) is obtained by integrating each scalar component function 


separately. That is, This provides a definition of 
the integral of a 


[ (roi + g(t)j) dt = (fr it) i+ (fa it) 4: ae vector 


We can extend this definition to a vector function in three dimensions. 
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Integrating a vector 


If i, j and k are Cartesian unit vectors, then 


/ (f(t)i+ g(t)j + h(t)k) dt 
= ([ seat) i+ ([ sar) 5+ ([ m1) ar) k. 


Example 2.2 


Find / (2ti + 33) dt. 


Solution 


Using the definition for the integration of a two-dimensional vector function, 
we have 


[oti+sy i= (f 2ear) i+ (sar); 


= (t7 + a)it+ (344 d)j 
= t7i+ 3tj +c, 


where a and 0 are arbitrary constants, and c (where c = ai+ 0j) is an arbi- 
trary vector constant. MH 


*Exercise 2.1 


If c is the constant vector cji+ coj, show that / cdt =ct+d, where d is 
an arbitrary constant vector. 


Let us now see how we can solve the vector differential equation (2.2), #(t) = 
—gj, together with the initial conditions r(0) = 0 and £(0) = wi, without 
explicit division of the differential equation into components. Integrating 
this equation we obtain 


rt) = feo i= | -si dt = —gtj +c, 

where c is an arbitrary constant vector. Since r(0) = ui, putting t = 0 gives 
w= r(0) =<«, 

So we have 
r(t) = —gtj + ui. 


Integrating again gives 
r(t) = / r(t) dt = [sti + ui) dt = —4gt?j + uti+ d, 


where d is an arbitrary constant vector. Putting t = 0 and using the initial 
condition r(0) = 0, we have 0 = r(0) =d. So the solution of the differential 
equation (2.2) satisfying the required initial conditions is 


r(t) = uti — $gt?j. 


We obtained this solution before as Equation (2.10). On the whole, working 
with vectors in this case is more compact and convenient. 
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Example 2.3 


Consider two identical ramps, as shown in Figure 2.4. Identical ball-bearings 
are released at the top of each ramp in identical ways and at the same time. 
Consequently, each ball-bearing reaches the end of its ramp at the same 
time and with the same speed, say wu. Ignore all resistive forces both for the 
upper ball-bearing moving through the air and for the lower ball-bearing 
rolling along the ground. 
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Figure 2.4 Projectile demonstrator 


(a) What will be the relative positions of the ball-bearings when the ball- 
bearing from the upper ramp hits the ground? 


(b) Suppose that the upper ramp is at a vertical height h above the lower 
ramp, and that the ball-bearing from the upper ramp hits the ground 
at a horizontal distance X from the end of the lower ramp. Find an 
expression giving X in terms of h and wu. 


Solution 


(a) If resistive forces are negligible, each ball-bearing travels with constant 
speed in the x-direction. Since the ball-bearings leave their ramps at the 
same time with the same horizontal speed and the same horizontal posi- 
tion, we can see that their positions must have the same x-component at 
all times. So this applies when the upper ball-bearing hits the ground. 
At that instant, the two ball-bearings will (be trying to) occupy the 
same point in space. So if resistive forces are negligible, they should hit 
each other. 

We need to model the projectile motion of the upper ball-bearing from 
the time it leaves the ramp to when it hits the ground. We shall choose 
axes as shown in Figure 2.4, and choose t = 0 to be the instant when the 
upper ball-bearing leaves the ramp. The velocity as it leaves the ramp 
will be horizontal, with magnitude u, so we have the initial condition 


r(0) = ui. 
The position at t = 0 is x = 0, y =h, so the initial position vector is 


r(0) = hj. 


This ‘projectile demonstrator’ 
is shown in Part 1 of the 
video associated with this 
unit. A good moment to 
watch this video sequence is 
just after you have studied 
Example 2.3. However, it is 
not essential for you to watch 
the video at exactly that 
moment — it can be viewed 
whenever you find it 
convenient. 


The position at t = 0 is not 
the origin, as it was in 
previous examples. 
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To find the solution of Equation (2.2), #(t) = —gj, that satisfies these 
initial conditions, we need to integrate twice. Integrating once gives 


where c is a constant vector. Since r(0) = ui, putting t = 0 gives c = ui, 
sO 


r(t) = ui — gtj. 
Integrating again gives 
r(t) = uti — 49¢?§ + d, 


where d is aconstant vector. Since r(0) = Aj, putting t = 0 gives d = hj. 


Hence 
r(t) = uti — 5gt7j + hj 
= utit (h — $gt”)j. (2.12) 
We can separate this vector solution into components, to obtain Alternatively, you could 
ce obtain these equations by 


uncoupling the equation of 
y=h- yi. motion and solving for the «- 
and y-components separately. 


We are interested only in t > 0 (ie. after the ball-bearing leaves the 
ramp), SO we can reject the negative square root. At this time, the 
x-component is X, so, using x = ut, we have 


Now would be a good time to watch Part 1 of the video for this 
unit. 


4 


At the same time you may 
wish to watch Part 2 of the 
video, which is associated 
with Exercise 2.5. 


In different runs of the projectile demonstrator in the video, u remains the 
same while the height h is varied and the distance X is measured. We expect 
X to be proportional to Vh. 


Exercise 2.2 


Using the notation in Example 2.3, the experiment in the video produced 
the following data. 


h (metres) | 0.44 0.22 0.11 
X (metres) | 0.215 0.150 0.107 


Are these data points consistent with the deduction in Example 2.3 that X 
is proportional to Yh? What do the data points suggest for the value of u? 


62 


Section 2 Projectiles without air resistance 


*Exercise 2.3 


After a road accident, a crashed car is found on a sandy beach at the base 
of a cliff. The cliff is vertical and is 18 metres high. The investigating police 
officer finds that the marks in the sand resulting from the car’s impact on 
the beach start 8 metres from the base of the cliff, and that the point of 
impact is at roughly the same horizontal level as the cliff base. The car 
appears to have been travelling at right angles to the cliff when it went over. 
Assuming that the car was travelling in a horizontal direction when it left 
the cliff, estimate the speed with which it went over. 


Exercise 2.4 


Figure 2.5 shows a side-on view of a ski-jump course. The jumper starts 
at A, skis down the slope AO, leaves the ground at O, and lands again 
at B. Assume that the jumper’s velocity just after leaving the ground is 
horizontal, and ignore resistive forces. 


Figure 2.5 


(a) Point A is 15 metres higher than O. Assume that there is no significant 
loss of mechanical energy as the jumper skis from A to O, and that the Recall from Unit 8 that 


jumper’s initial speed leaving A is zero. What is the jumper’s speed mechanical energy is _ 
just after leaving O? kinetic energy + potential 


energy. 
(b) With axes as shown in Figure 2.5, use Equation (2.11), y = —gx?/(2u?), 
to give the equation of the jumper’s trajectory while the jumper is in 
the air. 


(c) Assume that the slope OB is a straight line at an angle of iT to the 
horizontal. What is the equation of the line OB? 


(d) Use your answers to parts (b) and (c) to find the coordinates of point 
B and hence the distance OB. 


(ce) Suggest some factors not taken into account in this model of a ski-jump. 
In each case, indicate whether you think the factor would lead to a longer 
or shorter ski-jump (measured by the distance OB) being achieved. 


Part 2 of the video for this unit shows an example of the type of motion that 
can be modelled using methods discussed in this subsection as well as those 
in Section 1. We suggest that you now watch this part of the video and try 
Exercise 2.5, which is associated with the situation shown in the video. This 
exercise provides further practice using methods that you have already met. 
The video has the advantage that you can see the situation being discussed, 
rather than having to visualize it on the basis of printed descriptions! 


Watch Part 2 of the video for this unit now, before trying Exer- 
cise 2.5. 
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*Exercise 2.5 


The video showed a buggy drive up a ramp, which was in a vertical plane, 
take off from the top of the ramp, and then land again (see Figure 2.6). 
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Figure 2.6 


Model the buggy as a particle. Suppose that the vertical cross-section of the 
ramp can be modelled by an equation of the form 


h 2 
y=5 (2 cos (77") (<@#< 0.55), 


with h = 1 metre, where the origin is taken at the start of the ramp and 
y is the vertical height of the ramp at a horizontal distance x from the start 
(both measured in metres). 


Suppose that the buggy drives up the ramp in such a way that the horizontal 
component of its velocity is constant. It takes off from the highest point of 
the ramp, travelling horizontally, and lands a horizontal distance of 5 metres 
from the take off point. 


(a) Treating the buggy during its flight as a projectile, and assuming that 
air resistance is negligible, calculate the speed of the buggy at take off. 
(We suggest that you use the (X,Y )-axes shown in Figure 2.6 for this 
part.) 


(b) If the vertical component of the force exerted by the ramp on the buggy 
at take off is zero, calculate the horizontal length 0.52 of the ramp. 


2.2 Launches at an angle 


Many examples of projectile motion involve launches at angles other than 
the horizontal; Figure 2.7 shows two such examples. Also, it is sometimes 
convenient to choose an origin that is not the point of projection, as we did 
in Example 2.3; Figure 2.7(b) provides another illustration. Furthermore, 
it may be convenient to take t = 0 at some time other than the moment 
of projection. All these complications will change the initial conditions of 
the projectile motion. None changes the fundamental equation of motion, 
however. So long as we choose the y-axis (and the unit vector j) to be 
vertically upwards, and ignore air resistance, the only force on a projectile 
of mass m is that due to gravity, —mgj, and Newton’s second law gives 
mr(t) = —mgj, that is, 


F(t) = —gj, (2.2) 
as before. Different initial conditions will, however, change the constants 
that enter as we integrate this equation to obtain r(t). 
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This diagram is not drawn to 
scale. 


The notation is chosen to be 
consistent with that used in 
Subsection 1.2. 


Section 2 
YA 
aE : 
(a) (b) 


Figure 2.7 (a) Golf shot (b) Shot put 


In this subsection we look first at projectile motion of the type illustrated in 
Figure 2.7(a), where the launch point and the impact point are in the same 
horizontal plane. Assume that the projectile is launched with speed wu, at 
an angle @ above the horizontal. We shall derive expressions in terms of u 
and @ for the ‘range’ of the projectile’s flight (OA in Figure 2.7(a)), and for 
the coordinates of the highest point of its trajectory (B in Figure 2.7(a)). 


To solve the differential equation (2.2) we can integrate it twice. We shall 
work in the vector form. Integrating once gives 


r(t) = —gtj +c, (2.13) 
where c is a constant vector. Integrating Equation (2.13) gives 
r(t) = —$gt?j + ct +d, (2.14) 


where d is a constant vector. We shall take t = 0 to be the moment of 
launch and the origin to be the point of launch. Then we have the initial 
condition 


r(0) = 0. 
Substituting this into Equation (2.14) gives d = 0, so we have 
r(t) = —$gt?j + ct. 


The constant vector c can be determined from a knowledge of the initial 
launch velocity. Suppose that the launch velocity is u. Substituting t = 0 
in Equation (2.13) gives r(0) = u=c, so 


r(t) = —}gt?j + ut. 


From this equation, we can see that the motion of the projectile is in the 
vertical plane which contains the launch velocity u, as you might expect. 
We choose the horizontal x-axis to lie in this plane, as shown in Figures 2.7 
and 2.8. 


To express the launch velocity u in terms of the unit vectors i and j, recall 
from Unit 4 that we can resolve the vector u into its i-component vector 
(jul cos@)i and its j-component vector (|u| sin@)j (see Figure 2.8). Since 
the launch speed is u, we have |u| = u, so u = (ucos@)i-+ (usin @) j. So the 
solution of Equation (2.2) satisfying these initial conditions is 


rit) = —59tj + (ucos#i-+ usin 6 j)t 
(ut cos #)i + (ut sin 0 — sgt? )j. (2.15) 


The velocity of the projectile is given by 
v =r(t) = (ucos@)i+ (usin 6 — gt)j. 


Projectiles without air resistance 


We refer to 6 as the launch 


angle. 
A F 
. tL 
. 7. 
i 
julsiné 
0 
Y > 
O Ju|cos x 
Figure 2.8 
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The vector solution given by Equation (2.15) can be expressed as separate 
equations for the x- and y-coordinates as 


(2.16) 
(2.17) 


So long as the ground is horizontal, we can define the range of the projectile 
to be the horizontal distance between the point of launch and the point of 
impact. To determine the projectile’s range when the launch point and 
the impact point are in the same horizontal plane, note that the vertical 
coordinate of its position y will be zero at the launch and again when it hits 
the ground. 


x = ut cos8, 


y = ut sin 0 — sgt. 


Putting y = 0 into Equation (2.17) gives 
0 = utsin @ — sgt? 
= t(usin @ — 4qt). 
This equation has two solutions, t = 0 and t = (2usin@)/g. At this latter 


time, the horizontal coordinate of the position x gives the range R of the 
projectile. From Equation (2.16), this is 


R= 2u sin 0 cos 0 = Qu? sin @cos@ 
g 
Now sin 20 = 2sin 6 cos 6, so we have 
? sin 20 
[ee iar (2.18) 
g 


The sine function never exceeds 1 in value, and we have sin2@ = 1 when 
20 = 57, i.e. when 0 = qT. Since the launch angle must be between 0 and 5M, 
other solutions can be ignored. So, for a given launch speed wu, the maximum 
range Rmax for a projectile on a horizontal surface (ignoring air resistance) 
is obtained using a launch angle of $7 to the horizontal, and this maximum 
range is 


i) 


Rmax = ay 
g 

From Equation (2.17), we see that y is a quadratic function of t, with a nega- 
tive coefficient of t?. So the graph of y against t is part of a parabola opening 
downwards. Such a parabola has a single stationary point where y(t) = 0, 
and this will give the maximum value of y. Differentiating Equation (2.17) 


with respect to t gives 


(2.19) 


y(t) = usin é — gt, 
and this is 0 when wsin@ — gt = 0, i.e. when t = (usin @)/g. Substituting 
t = (usin 6)/g into the right-hand side of Equation (2.17), the corresponding 
maximum height is given by 


r 2 
Heu (=) inp. a (=) 
g 2 g 


u?sin?@ ~~ -u? sin? 0 _ u? sin? 0 

g 2g 2g 
Substituting t = (usin @)/g into the right-hand side of Equation (2.16), the 
x-component of the projectile’s position at the point of maximum height is, 
using sin 20 = 2sin 6 cos 0, 


(=) 
r= cos @ 
g 


u? sin @ cos @ _ u? sin 20 
g 2g 


(2.20) 


(2.21) 
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This definition of range is 
unlikely to be suitable where 
launch and impact are on an 
inclined plane, as in the 
ski-jump example in 
Exercise 2.4. 


t = 0 is the instant of launch. 


See Unit 1, Section 3. 


For a launch on horizontal 
ground, we must have @ > 0. 
(For a launch from above 
ground level, such as from a 
cliff or bridge, we could have 
a launch angle below the 
horizontal, when @ would be 
negative. ) 


The condition 4(t) = 0 is 
equivalent to asserting that 
the vertical component of the 
velocity is zero when the 
projectile is at its maximum 
height. 


Thus the maximum height 
occurs when « is half the 
range R, as you might expect. 


Section 2 Projectiles without air resistance 


The results derived above apply to any projectile where the points of launch 
and impact are in the same horizontal plane (and air resistance is ignored). 
Some problems involving projectiles can conveniently be solved by direct use 
of these results. 


Example 2.4 


During a particular downhill run, a short but sharp rise causes a skier to 
leave the ground at 25ms~! at an angle of aa above the horizontal. The 
ground immediately beyond the rise is horizontal for 60 metres. After this, 
the slope is again downhill. Will the skier land on the level ground or on 


the downhill slope beyond it? 
Solution 


Model the skier as a particle launched from the end of the rise (see Fig- 
ure 2.9). With u = 25ms~! and = am, the expression in Equation (2.18) 
for the range on a horizontal surface gives 
a 25? sin 37 Beecitinece 
=— oa,  ~ 55-17 metres. 
Since this is less than 60 metres, it would seem that the skier will land on 
the flat part of the run. 


(This conclusion is expressed cautiously because of the underlying modelling 
assumptions. Drag forces may reduce the range of a projectile, but a skier 
may also experience aerodynamic lift forces that would increase the range. 
Also, skiers may change the position of their skis relative to the position of 
their centre of mass — for example, by bending or straightening their legs — 
which would affect the validity of the model of the skier as a particle.) Ml 


This example illustrates how efficiently some questions can be answered by 
use of general results, such as those giving the range and the maximum 
height of a projectile when the launch point and the impact point are in 
the same horizontal plane. When using the results in this subsection in this 
way, it is important to ensure that they are applicable. We could not, for 
example, use Equation (2.18) to determine how far the shot putter illus- 
trated in Figure 2.7(b) would send the shot, since there the point of impact 
is not in the same horizontal plane as that of the launch. It is important 
to pay attention to the methodology used in deriving these results, since 
it can be used in other cases of projectile motion. In the absence of air 
resistance, we always arrive at the same vector differential equation (2.2) 
from Newton’s second law. In general, we then need to identify the initial 
conditions appropriate to the particular situation, find the solution of Equa- 
tion (2.2) satisfying those initial conditions, and use the solution to address 
the specific question(s) of interest in the particular problem. 


*Exercise 2.6 


A ball kicked from a flat piece of ground at an angle of ant above the hori- 
zontal lands 40 metres away from where it was kicked. What is the greatest 
height above the ground that the ball will have reached? 


*Exercise 2.7 


Consider a projectile launched at an angle @ above the horizontal, from 
a point at a height h above the origin, with speed u. Take t = 0 to be 
the moment of launch, and use the coordinate system (and associated unit 
vectors) shown in Figure 2.10. Find the solution of Equation (2.2) satisfying 
these initial conditions. 
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Figure 2.9 


=Y 


O 


Figure 2.10 
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The vector solution obtained in Exercise 2.7 can be expressed as separate 
equations for the components x and y of the position of such a projectile at 
time ft: 


x = ut cos 8, (2.22) 
y=h+utsind — gt. (2.23) 
As one might expect, launch at a height h simply adds a term h to the 


y-coordinate. 


We conclude this subsection with a summary of its main results. 


Projectiles without air resistance 


The equation of motion of a projectile subject only to the force of 
gravity is 

F(t) = —gj, (2.2) 
where j is a unit vector pointing vertically upwards. If the projectile 
is launched at time t = 0, from the point « = 0, y = 0, with launch 


speed u in the (a, y)-plane and launch angle @ above the horizontal, the 
solution of the equation of motion satisfying these initial conditions is 


x = ut cos 8, (2.16) 
y = utsiné — sgt. (2.17) 
The maximum height H reached by such a projectile is 
u? sin? 0 
= —_——_., 2.20 
Ss (2.20) 
The range R of such a projectile is 
? sin 20 
——— (2.18) 
g 


The maximum range Rmax for a launch speed wu is achieved with a 
launch angle 0 = iT and is 


ue 


Rmax = 


(2.19) 


*Exercise 2.8 


A shot putter launches a shot at a speed of 13ms~! at an angle of a above 
the horizontal from a height of 1.8 metres above ground level. How far will 
the shot travel in the horizontal direction before it hits the ground, assuming 
that the ground is horizontal? 


Exercise 2.9 


A stone is thrown from a height of 1.5 metres above horizontal ground at 
an angle of ria above the horizontal and lands at a distance of 30 metres 
from the point where it was thrown. Estimate the speed with which it was 
thrown. 


2.3 The trajectory of a projectile 
There is a variety of problems you may be asked about the motion of projec- 


tiles. Some can be ‘pigeonholed’, perhaps requiring you to find the range, or 
to ensure that a target is hit. Others may require you to bring information 
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Equation (2.22) is identical to 
Equation (2.16) as the 
differential equation for « and 
its initial conditions are 
unchanged. 


If you encounter different 
initial conditions, you should 
go back to Equation (2.2) and 
find the appropriate solution 
by integration. However, if 
launch is from «(0) = 0, 

y(0) = h, then we need to 
modify the solutions of the 
equation of motion (2.2) 
given in Equations (2.16) 

and (2.17) by adding a term h 
to the right-hand side of 
Equation (2.17) as given in 
Equation (2.23). (In this case, 
the results for the range and 
the maximum height are not 
applicable. ) 


Section 2 Projectiles without air resistance 


about the flight of a projectile to bear on the problem in less predictable 
ways. We start this subsection with problems that involve hitting a target. 


The trajectory of a projectile is the path it traces. To hit some target, say 

at P, we require that the point P lies on the trajectory. Suppose that a 

projectile has launch speed wu and launch angle 6 above the horizontal, and A launch angle below the 
that it is launched from (0,0) at time t = 0. Then, from work in the previous horizontal would correspond 
subsection, we have to a negative value of 6. 


e = atous 0, (2.16) 

y = utsin 6 — sgt. (2.07) 
If we have no interest in when the projectile hits a target, it is efficient 
to eliminate t to obtain an equation for the trajectory relating y and x 
directly. Equation (2.16) gives t = x/(ucos@), and substituting this into 
Equation (2.17) gives 


# sin 0 a My y 
=u ind—-—= 
y ucos 6 2 \ucos@é 


= xtané — Seer sec? 0. (2.24) 
U 


We see that y is a quadratic function of x, and hence that the trajectory is 
part of a parabola. 


As illustrated in Example 2.5 below, it is often convenient to replace sec? 6 
by 1+ tan? 0, giving See Unit 1, Section 3. 
= 29 2 
y=xtand—-« ya it t tan 0), (2.25) 
which is a quadratic equation in tan 0. 


Example 2.5 


A golfer wants to play a recovery shot through a copse of trees. There is a 
small gap in the foliage at a height of 12 metres and 40 metres in front of 
the golfer. The golfer knows that, with his usual swing, he hits the ball at 
about 35ms~!. What angle of launch would enable the ball to hit the gap 
in the foliage? 


Solution 
The golfer wants the trajectory of the ball to pass through the point x = 40, 
y = 12 (working in SI units). So, from Equation (2.25) with wu = 35, we have 
9.81 


2 x 352 
= 40 tan 6 — 6.407(1 + tan? 6), 


12 = 40 tan 6 — 40? 


(1 + tan? 6) 


sO Ya 
6.407 tan? 6 — 40 tan @ + 18.407 = 0. 

This is a quadratic equation for tan@ and has the two solutions 
tan@ = 0.5002, tan@ = 5.743. 

Each of these gives a single value for @ in the range 0 < 0 < $1, namely 


6 = 0.4638 (26.58°), @ = 1.398 (80.12°). 


We see that there are two possible launch angles that strike the target (see O a 
Figure 2.11). In this example, the choice of a launch angle of about 27° is 

perhaps more likely to be suitable, since the other choice would have the Figure 2.11 Two launch 

ball descending through the foliage at a steep angle, when it would be more angles to hit the target 
likely to hit part of a tree. 
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In any problem where we need to find a launch angle (given the launch 
speed) to hit a specified target, we arrive at a quadratic equation for tan 6, 
namely Equation (2.25). So long as this equation has two distinct real roots, 
there will be two launch angles that enable the target to be hit. Of course, 
the roots may coincide. In either case, we say that the target is achievable. 
On the other hand, we may arrive at a quadratic equation with no real roots. 
In this case, the target is not achievable — for the given launch speed, there 
is no launch angle that enables the target to be hit. 


*Exercise 2.10 


Suppose that a projectile has launch speed u at an angle 0 above the hor- 
izontal, and that it is launched from (0,h) at time t= 0. (That is, the 
projectile is launched at a height h above the origin.) By eliminating ¢ from 
Equations (2.22) and (2.23), obtain an equation (relating y to x) for the 
trajectory of such a projectile. 


We see from Exercise 2.10 that for a launch at a height h above the origin, 
we need to add only a term hf to the right-hand side of Equation (2.25) for 
the trajectory. This result is frequently useful. 


Trajectory of a projectile 


For a projectile launched at time t = 0 from (0,h) with launch speed u 
and launch angle @ above the horizontal, the trajectory has the equation 
= h+etand— 07, sec? 0. (2.26) 
It is often convenient to use the trigonometric identity 
sec? @ = 1+ tan? 6 


to give 
y=h+rtand —2°55(1+ tan” 8), (2.27) 
u 
which is a quadratic equation in tan 0. 


*Exercise 2.11 


A basketball player is 2.6 metres (horizontally) from the goal. The goal is 
3 metres above ground level. The player launches the ball at 7ms~!, and 
from a height of 1.8 metres above ground level. What angle of launch should 
the player choose? 


We now look at an example that requires more work to answer the posed 
question. 


Example 2.6 


This example concerns baseball fielders throwing the ball back to the catcher. 
Assume throughout that the point of launch and the point of impact are at 
the same horizontal level. 


(a) A fielder can just throw a ball a distance of 60 metres. How fast can 
the fielder throw the ball? 


(b) A fielder needs to throw a ball to the catcher from a distance of 58 me- 
tres. Assuming that the fielder throws directly to the catcher, at the 
speed calculated in part (a), what is the shortest time in which the 
fielder can return the ball to the catcher? 
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(c) Suppose that a second fielder is mid-way between the first fielder and 
the catcher (so that each gap is 29 metres), and that each fielder throws 
at the speed calculated in part (a). The first fielder throws to the second 
fielder, then the second fielder throws to the catcher. As well as the time 
in flight, the second fielder requires 0.3 seconds to catch and throw the 
ball. Would this ‘relaying’ result in a quicker return of the ball to the 
catcher? 


Solution 


(a) In the previous subsection we found that the maximum range of a pro- 
jectile (for launch speed w) is achieved at a launch angle iT, and this 
maximum range is u?/g (Equation (2.19)). So, for the fielder, we have 
u?/g = 60, which gives 


u = \/60g = V60 x 9.81 = 24.26. 
So the fielder can throw the ball at a speed of approximately 24.26 ms7!. 


(b) Taking the point of launch as origin, and working in metres, the tra- 
jectory of the ball needs to pass through the point (58,0). So, using 
Equation (2.25), we need a launch angle 6 where 


0 = 58tan@ — 5824 (1 + tan? 6). It is simpler, as well as more 
2 x 609 accurate, to use u = ./60g 
This can be rearranged as here. 


120 
tan? 6 — gq tenet =0. 


This quadratic equation has solutions tan 6 = 0.7696 and tan é@ = 1.299. 
The corresponding values of @ (between 0 and $1) are 0.6559 (37.58°) 
and 0.9149 (52.42°). Throwing the ball at either of these angles will 
return it to the catcher. 


To find the time that it takes the ball to reach the catcher, we can use 
Equation (2.16). When z = 58 metres, the time t (in seconds) must 
satisfy 


58 = ut cos @ = \/60g t cos 0. 


We obtain different times depending on the choice of the launch angle 0. 
With 0 = 0.6559, the time is 3.017 seconds. With 6 = 0.9149, the time is 
3.920 seconds. As one might expect, the lower angle of launch gives the 
shorter flight time, so the fastest possible return time is 3.017 seconds. 


(c) The total time to return the ball to the catcher is 2T + 0.3 seconds, 
where T’ is the time (in seconds) to throw the ball 29 metres at the 
launch speed calculated in (a). To ensure that the ball passes through 
the point (29,0), we need a launch angle @ satisfying Equation (2.25) 
with these coordinates, that is, 


0 = 29 tan 6 — 29° 79, (1 + tan” 6), 


so that 
120 
tan? 6 — 99 tane+ 1=0. 


This has solutions tan @ = 0.2577 and tan @ = 3.880. The corresponding 
launch angles are 0.2522 (14.45°) and 1.319 (75.55°). Flight times are 
1.234 seconds and 4.790 seconds. The lower launch angle gives the 
smaller flight time, and the total return time to the catcher for the 
‘relay’ is 

2 x 1.234 + 0.3 = 2.769 seconds. 


This time is shorter than the time found in (b) for a direct throw. I 
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In the previous subsection we saw that, for a launch speed u on a horizontal 
surface, the maximum range for a projectile is obtained with a launch angle 
4m and is u?/g (Equation (2.19)). We next consider the angle of launch 
required to give the maximum range when launch is from above ground 
level. 


We continue to define the range to be the horizontal displacement between This horizontal displacement 
the point of launch and the point of impact, even for a launch above ground measures the length of a shot 
level. The following calculation of the maximum range brings together ideas P¥t, for example. 

about projectiles and methods from calculus. The approaches we shall use 

are chosen to minimize the complexity of the algebra; they are not always yA 


those that first come to mind. 4 
Consider a projectile launched with speed u from a point at a height h above p_ 
the ground, which we assume is horizontal. We choose the origin and axes 
as shown in Figure 2.12, and t = 0 as the time of launch. If the launch angle 
is 8 above the horizontal, the equation of the trajectory is A 
y=h+atan— 05% (1 + tan”). (2.27) 
u 
Let R be the range. Then, since (R,0) lies on the trajectory, we have Ok F 1 
0=h+Rtand— R?-2(1 + tan?4). 
2u Figure 2.12 
Defining z = tan@ and L = u?/g gives 
R? 
0=h-+ Hz (1+ 27). (2.28) We assume that 


am —37 <0 < $n. Note that a 
For a given launch speed and height, h and L are constants. We want to negative value for 0 
maximize the range R by choice of the launch angle @ or, equivalently, by corresponds to a launch angle 
choice of z. The global maximum of a function can occur at a stationary below the horizontal. 
point or at an end point of its domain. However, the endpoints of the 
domain, 6 = 30 and 6 = $1, both lead to a range of R = 0 (the motion is 
straight up and down), so the maximum range must occur at a stationary 
point. In order to simplify the algebra, we shall consider R as a function 


of z, so we want to find values of z for which dR/dz = 0. Now implicit 


differentiation of Equation (2.28) with respect to z gives Implicit differentiation was 
F ld discussed in Unit 1, Section 5. 
— se OY cise 2 
0 iP (zR(z)) 5L dz ((1 + 2°)R(z)’), 
or 
dR 1 dR 
0=(R+z—]—-— (22R?4+(14+2)2R— ). 
( +2B) az (22 ieee) =) 
Setting dR/dz = 0 reduces this equation to 
a 
0= R-—_. 
L 


So the maximum range occurs when z = L/R. Substituting z = L/R into 
Equation (2.28) gives 


R 2L R?2 
R? L 
ahh Lae 
= OE 9 
LR? 
=ht+> a 


Hence 


R= VL? +2Lh. (2.29) 
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Section 2 Projectiles without air resistance 


This maximum range is achieved when 
L L 1 


tand=z=2= = , 
Ro VL?+2Lh \/1+2h/L 


that is, when 


? = arctan ( (2.30) 


1 

VJl+ 2h/ Ee) 
Strictly speaking we have not shown that the range given by Equation (2.29) 
is a maximum. All we have shown is that it is a stationary value, which 
could also be a minimum value, for example. However, physically we know 
that the projectile does have a maximum range and, as z = L/R is the only 
stationary point, this stationary point must be a maximum. Alternatively, 
we could show mathematically that the stationary point given by z= L/R 
is a maximum by considering the sign of the second derivative d?R/dz?. 


Maximum range for an elevated launch 


A projectile launched with speed u from a height h above ground level 
has maximum range Rmax on horizontal ground given by 


Rmax = VL? + 2Lh, (2.29) 


where L = u?/g. This maximum range is achieved using the launch 
angle 


6 = arctan ( (2.30) 


1 
ean 


If h = 0, Equation (2.29) gives Rmax = L, as it should, since L is the max- 
imum range for a launch from ground level (when h = 0). Also, if h > 0, 
then Rmax > L. As one might expect, a launch from above ground level 
achieves a maximum range greater (for the same launch velocity) than one 
at ground level. More generally, the greater the height of the launch point, 
the greater the maximum range. 


With h = 0, Equation (2.30) gives @ = arctan1 = aT, again corresponding 
to our previous result for a launch from ground level. 


*Exercise 2.12 


At a tutorial, one of the students, who happens to be an expert shot putter, 
asserts that aiming to launch at an angle 4m has always been good enough 
for them. The student says that improving launch speed is the key to good 
shot putting. Assume that the student launches the shot from a height of 
2 metres above ground level. 


(a) The student can put a shot 17 metres with a launch angle 4 above the 
horizontal. Calculate the speed at which the shot is being launched to 
achieve this range. 


(b) For launch at the speed calculated in part (a), use Equations (2.29) 
and (2.30) to find the optimum launch angle and the corresponding 
range. 


(c) If the student achieves a launch speed 1% higher than that calculated in 
part (a) and launches at an angle 4 above the horizontal, what range 
will the student achieve? 


73 


Unit 14 Modelling motion in two and three dimensions 


Exercise 2.13 


A footballer taking a free kick launches the ball from ground level so that 
it just clears a player who is 10 metres away and 2 metres high. The ball 
enters the goal 30 metres away at a height of 2.4 metres. 


(a) Take as the origin the point from which the ball was kicked. Let the 
launch speed be wu and the launch angle above the horizontal be 6. Use 
Equation (2.24) twice to obtain two equations that u and @ must satisfy. 


Multiply one of these equations by a suitable constant, so that the term 
(gsec? 0) /2u? has the same coefficient in each equation. Then subtract 
one equation from the other to eliminate u, and thus obtain an equation 
that is satisfied by tan @. Hence find the launch angle 0. 


(b) At what speed was the ball kicked? What period of time elapsed from 
the moment the ball was kicked until it entered the goal? 


2.4 Energy and projectile motion 


For solving certain mechanics problems, conservation of mechanical energy 
provides an efficient approach. In Unit 8 we showed that total mechanical 
energy is conserved for an object moving in one dimension subject to the 
influence of a force that depends only on the object’s position; that is, we 
have 


kinetic energy + potential energy = a constant 


throughout the object’s motion. Now, gravity is a force that depends only 
on an object’s position, so we might hope that mechanical energy will be 
conserved for the motion of a projectile in the absence of air resistance, even 
though the motion is not in one dimension. The kinetic energy of a particle 
is smu", where m is its mass and v is its speed. So, for a particle of mass 
m with velocity v = vyit voj, 


kinetic energy = m|v|* = $m(vj + v9). (2.31) 


The potential energy due to gravity is mg x height, where the height is 
measured upwards from a chosen datum. For projectile models, it is natural 
to choose the datum at y = 0, and then 


potential energy = mgy. 


Using results established earlier, we now show that mechanical energy 1s 
conserved for a projectile not subject to air resistance. Consider a particle of 
mass m, launched with speed u at an angle @ above the horizontal. Without 
loss of generality, we can choose the origin as the point of launch, and t = 0 
as the moment of launch. At time t, if the components of its velocity are v1 
in the z-direction and v2 in the y-direction, differentiating Equations (2.16) 
and (2.17) gives 


v1 = ucos8, (2.32) 
vg = usin d — gt. (2.33) 
The kinetic energy of the projectile is, from Equation (2.31), 


sm|v|? = 4m(vj + v9) 


= $m (u? cos” 6 + (usin — gt)*) 


= smu cos’? 6 + u? sin? 6 — 2ugt sin 8 + gt) 
= 4m(u? — 2ugtsin 6 + gt”) 
$m (u? — 2g(ut sin 6 — Sgt?) . 
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As usual in this unit, model 
the ball as a particle. This 
means that any swerve that a 
footballer may achieve by 
kicking the ball with spin will 
be overlooked. 


We emphasize ‘in the absence 
of air resistance’ here, 
because mechanical energy is 
not conserved when resistive 
forces are present, since such 
forces depend on the object’s 
velocity. 


cos? § + sin? 6 =1 


Section 2 Projectiles without air resistance 


Using Equation (2.17), y = utsin 6 — 5 gt”, we can write this as 


5m|v|? = 5m(u" — 2gy). 
Hence $m|v|? + mgy = $mu?. 
The expression 5mv|? + mgy gives the total mechanical energy of the pro- 
jectile at time t. We have shown it to be independent of ¢ and equal to 
the kinetic energy at launch (when, because of our choice of datum, the 
potential energy is zero). 


Conservation of mechanical energy 


The mechanical energy of a projectile subject only to the force of gravity 
is conserved during its motion. 


This result can be useful in answering certain questions, particularly where 
we wish to relate a projectile’s speed to its height. 


*Exercise 2.14 


A stone thrown at 11ms~! hits a target at a height of 1 metre above and a 
horizontal distance of 10 metres from the point from where it was thrown. 
Use the conservation of mechanical energy to find the speed of the stone 
when it hits the target. 


*Exercise 2.15 


Consider a particle launched from the origin with speed u at an angle @ above 
the horizontal. Using energy considerations, find the greatest distance above 
the ground that the object will reach (assuming the ground to be horizontal), 
and check your result against that given by Equation (2.20). 


End-of-section Exercises 


Exercise 2.16 — 

(a) Find the solution of the differential equation ¢(t) = —gj satisfying the 
initial conditions r(0) = vj and r(0) = ai + bj, where the direction of i 
is horizontal and the direction of j is vertically upwards. 

(b) If the motion of a projectile is described by the equations in part (a), 
how must it have been launched? Describe the subsequent motion. Is 
your description reflected in the solution you have found? 


Exercise 2.17 


(a) A cricket ball thrown at 20ms~! is caught 20 metres away from the 
thrower. At what angle to the horizontal was it thrown? (Assume that 
the point of launch and the catch are at the same height above the 
ground.) 


(b) A cricket ball is thrown in the same way as in part (a). What is the 
highest tree that the ball could clear on the way? At what horizontal 
distance from the thrower is this maximum height achieved? 
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(c) A man standing on one side of a line of trees about 20 metres high sees 
that he has a clear path enabling him to run fast through the trees to 
the other side. Standing 10 metres from the trees, he offers a friend a 
bet that, starting from that point, he can throw a cricket ball over the 
trees, run through, and catch it when it comes down on the other side. 
His friend knows that the man can throw a cricket ball about 50 metres 
on level ground, that he is a good runner and can catch well. If you 
were the friend, would you take the bet? 


Exercise 2.18 


In a fairground variation on a coconut shy, square targets with sides of 
0.1 metre are placed vertically 20 metres from the thrower, with their lower 
edges 3 metres above, and parallel to, the ground. Balls are thrown at these 
targets. In order to dislodge a target, a ball must to be travelling at around 
12ms~! or more when it hits. 


(a) A contestant can throw in a controlled way at 15ms~!, but is concerned 
whether, after such a throw, the ball will be travelling fast enough if it 
hits. Could it dislodge a target? 


(b) Assuming that launch speed is 15ms~! and the point of launch is 1 me- 
tre above ground level, what range of launch angles will hit the target? 


3 Resisted projectiles 


In the previous section you were introduced to methods of analysing the 
motion of projectiles on the assumption that air resistance can be neglected. 
Here we shall consider how air resistance may affect projectile motion. In 
Unit 6 you met two models for the way the air resistance force, R say, on an 
object depends on the object’s velocity v and size. For a smooth spherical 
object of diameter D, the linear model of air resistance R = —c; Dv is valid 
for values of D|v| up to about 10~° (in SI units). The quadratic model of air 
resistance R. = —c2D?|v|v is valid for D|v| between about 10~? and about 1 
(in SI units). (For air, we have cy ~ 1.7 x 1074 and c2 ~ 0.20.) 


A cricket ball has diameter about 0.07 metres. If this is thrown at 15ms7!, 
we have D|v| = 1.05. This is typical of the many sporting and athletic 
examples considered in Section 2, and we see that the linear model is not 
appropriate for these. The value of D|v| = 1.05 is only just outside the 
range of validity for the quadratic model, so we shall consider the quadratic 
model here. 


To describe resisted projectile motion in two dimensions, we shall use (as 
in Section 2) a horizontal x-axis and vertically upwards y-axis with corre- 
sponding Cartesian unit vectors i and j. The forces on the projectile consist 
of its weight W = —mgj and the resistive force R, which is given by 


R = —c2D?|v\v 


= —¢,D? (1/4? + 9) (ai + 9)). 
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Section 3 Resisted projectiles 


Newton’s second law gives 
m(#i + ij) = mi 
=R+W 
= -0D* t/a? + yi — 2D? yV/a? + 9 j — mai. 
Dividing by m and putting c = c2D?/m gives 
B+ Yj = —cb/ a? + yi — cya? + 9? 5 — gi. 
Equating the components in the i- and j-directions on both sides of this 
equation gives the pair of differential equations in the box below. 


Modelling a projectile subject to quadratic air resistance 


For a smooth spherical object of mass m and diameter D, subject only 
to the forces of gravity and air resistance, and assuming the quadratic 
model of air resistance, we have 


# = —cé Ja? + 9, 


j= cp +P — 9, 


(3.1) 


where x and y are the horizontal and vertically upwards coordinates of 
the projectile’s position, and ¢ = coD?/m, with cz ~ 0.20. 


There are « and y terms in both of these differential equations, and we 
consequently refer to them as coupled. What is more, they involve the 
square root of the sum of the squares of derivatives, and so are non-linear. 
We cannot solve these differential equations exactly. However, they can be 
handled numerically on a computer. 


In the remainder of this section you will use your computer and a multimedia 
package to investigate examples of projectile motion. The multimedia pack- 
age will take you through the analysis of some examples captured on video (a 
shot put and thrown balls of various types). From the video, data have been 
extracted on launch velocities and heights. Measurements of D and m were 
also made for each object. Using numerical solutions of Equations (3.1) 
generated by the computer algebra package, you will be able to calculate 
the range predicted by the model, taking air resistance into account. For 
each example, this prediction can then be compared with the range actually 
achieved and also with that predicted by the model in Section 2 where air 
resistance was ignored. 


Now work through the multimedia package for this unit. p PC 


There is a computer file that can be used to solve Equations (3.1). To use 
it, you need to know values for the mass m and diameter D of the projectile 
being investigated, and also its launch height, launch speed and launch angle. 
You will use this file to investigate the effect of launch speed on the range 
of a projectile subject to air resistance. 
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Use your computer to complete the following activity. 


*Activity 3.1 
A tennis ball with mass m = 0.06 kilograms and diameter D = 0.065 metres 


is launched at a height of 2 metres with launch angle in. 


(a) For the launch speeds listed below (in ms‘), find the range predicted 
by the quadratic air resistance model and the range predicted by the 
model in Section 2 in which air resistance is ignored. 


(i) 10 (ii) 20 ~~ (iii) 30.— (iv) 50~—— (v) 100 (vi) 200 
(b) In broad terms, how does the ratio 


range with air resistance included 
range with air resistance ignored 


change as the launch speed is increased? 


Outcomes 


After studying this unit you should: 

e be able to apply Newton’s second law in vector form to problems in more 
than one dimension; 

e beable to calculate the force exerted by the seat on a passenger in a car 
in constant acceleration up or down an inclined plane; 

e be able to solve problems concerning motion over a hump-backed bridge 
of given profile with a constant horizontal component of speed; 

e be able to calculate the velocity and acceleration of a particle whose 
position in space is a given function of time, and use this to determine 
forces on vehicles and passengers following such specified paths; 

e ina model of motion that involves a normal reaction between an object 
and a surface, where the object is not anchored to the surface in any way, 
be aware that if the model implies a normal reaction that is negative, 
then such motion is likely to be impossible; 

e be able to integrate a vector function; 

e be able to interpret terminology introduced here concerning projectile 
motion; 

e be able to solve problems relating to the motion of a projectile in the 
absence of air resistance; 

e be aware that total mechanical energy is conserved for projectile motion 
without air resistance, and use this in solving appropriate problems; 

e be able to use your computer to solve problems concerning the motion 
of a projectile subject to air resistance governed by a quadratic model. 
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Solutions to the exercises 


Section 1 


1.1 The forces on the passenger are the passenger’s 
weight W and the force R exerted by the seat. Suppose 
that R makes an angle a with the slope, as shown in the 
figure below. We know the component (magnitude 5 9g) 
of the acceleration down the slope and the component 
(magnitude 0) normal to the slope. We shall choose 
axes in these two directions, as shown in the figure. 


Then 


6 . ,i_: 
W = mgsin 571 — mg cos Grj 


1 


= smgi _ $V3mgj, 


R = |R|cosai+ |R|sinaj 


and 
r= 4 gi. 

Newton’s second law gives 
R+W=nmr, 

or 


(|R| cos ai + |R| sin aj) 
+ (4mgi — $V3mgj) = dmgi. 
Equating the i-components of this equation gives 
|R| cosa + $mg = 4mg. 
Hence 
[R| cosa = 0, 
which implies that either |R| = 0 or a = $n. 
Equating the j-components gives 
|R| sina — £/3mg = 0, 
so 
|R| sina = L/3mqg. 
From this equation we deduce that |R| cannot be zero, 
so we must have 


a= a7 
and 
|R| = 4V3mg. 


So the force exerted by the seat on the passenger acts 
perpendicular to the slope and has magnitude $V3mg. 


1.2 We saw in the text that the force exerted by the 
seat is Raj, where Ro is given by Equation (1.5) as 


aay _ nh? me 2rut gege” 
a Ee a i alial # 


We have m = 90, h = 4 and L = 30. 


Solutions to the exercises 


(a) With u = 10, the force exerted by the seat has mag- 
nitude 
Qn? x 4 x 10? 
90 { 9.814 
( 302 


The magnitude is greatest when cos (2nt) = l,i.e. when 


t=Oort=3. This greatest magnitude is 1672N. 

The magnitude is smallest when cos (27t) = —1, ie. 
when t = 1.5. This least magnitude is 93.33 N. 

(The passenger’s weight has magnitude 882.9 N, so the 
magnitude of the force exerted by the seat is about twice 
that of the passenger’s weight at its greatest, and only 
about 10% of it at its smallest.) 


(b) With wu = 15, the force exerted by the seat, by 
Equation (1.5), has magnitude 


In? x Ax 157 
30? 

The magnitude is greatest when cos(zt) = 1, i.e. when 

t=0ort=2. This greatest magnitude is 2659 N. 


The expression for Rz is smallest when cos(zt) = —1, 
i.e. when t = 1. This least value is —893.6N. 


It might be possible for the seat to exert a negative 
(downward) force on the passenger — via a seat belt. 
However, it is not possible for the road to exert a down- 
ward force on the car, and the vertical component of the 
force between car and road and that between seat and 
passenger becomes negative at the same instant. So, at 
this speed, the car will leave the ground, and the least 
magnitude of the force between seat and passenger is, 
in fact, zero (it will not actually become negative). 


cos (3nt) (0<t< 83). 


90 (s.81 a cos(at) (0<t<2). 


(c) Ata horizontal speed u, the magnitude of the force 
exerted by the road on the car (as given by Equa- 
tion (1.5)) is least at t = L/(2u). This least magnitude 
will be zero if 
Qn? x Au? 
9.81 302 = 0, 
ice. if 


/9.81 x 30? 


So the car will just leave the ground if it is travelling 
with a horizontal speed of about 10.57ms~!. It will not 
leave the ground if its horizontal speed is less than this. 


1.3 We have x = ut. Then, for 0 < t < 20/u, 

r=zvi+ yj 

= uti + 45 (30u7#? — u¥t?)j. 

Differentiating with respect to t, we obtain 

t= uit 745 (60u7t — 3u°t?)j, 

i = 745 (60u — 6u5t)j. 
Since # has a zero i-component, the force exerted on a 
passenger (of mass m, say) by the seat acts vertically 
upwards. If R = R,i+ Rj is the force exerted by the 
seat on the passenger, we have R, = 0 and the total 
force on the passenger is (R2 — mg)j. 
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So the j-component of Newton’s second law gives 


Ry — mg = z45m(60u? — 6u*t). 


Hence 

Rp =m (g + zag (60u? — 6ut)) (O<t < 20/u). 
This expression decreases with t and will have its min- 
imum value at t = 20/u. At this time, we have 


» 20 
Ry =m (s + ih (sou _ 5) ) 


=m (g - 347) : 
A feeling of near weightlessness will occur if this 


value of Rg is about zero, which occurs if g ~ 3u?, 


ie. if ue /8 x 9.81/3 ~ 5.115. 


So a feeling of near weightlessness will occur at the end 
of the climbing section of the track if the horizontal 
speed is about 5.115ms7}. 


1.4 Choosing the unit vector i in the x-direction and 
the unit vector j in the y-direction, we have 


r = 3ti+ 4t?j, 
t = 31+ Bij, 
i = 8j. 


(a) If R is the force exerted on the car by the track 
and W is the weight of the car and any passengers, 
then Newton’s second law applied to the car gives 


R+W=nmr, 


where m is the mass of the car and passengers. Let k 


be a unit vector vertically upwards. Then W = —mgk 
and 
R= mit — W 


= m(8j) — (~mgk) 
= m(8j + 9.81k). 
So R makes an angle @ with the horizontal (see the 
figure below), where tan @ = 9.81/8, giving 
6 = 0.8867 radians = 50.80°. 


i 
nk 9.81k 


wr horizontal 


(b) The force exerted on a passenger by the seat is the 
same as that exerted on the car by the track, except 
that m is now the mass of the passenger. The reaction 
force m(8j + 9.81k), with m = 100, has magnitude 


100.8? + 9.81? ~ 1266. 


So the force exerted by the seat on the passenger is 
approximately 1266 N. 
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1.5 (a) We have 
r = acosbti+ asinbtj+ (h— igt”)k, 
so 
r = —absin bti+ abcos btj — sgtk 
and 
¢ = —ab? cos bt i — ab? sin bt j — sgk. 
(b) The weight of the car is W = —mgk. If we de- 


note the force exerted by the track on the car by R, 
Newton’s second law applied to the car is 


R+W=mr, 
so 
R = mir — W 
= (—mab? cos bt i — mab? sin bt j — 3mg k) +mgk 
= m(—ab’ cos bt i — ab? sin bt j + $gk). 
(c) The magnitude of the force exerted by the track on 
the car is 


|R| = ma/a2b! cos? bt + a2b4 sin” bt + $9? 


= my/a2bt + 192, 


using the identity cos? bt + sin? bt = 1. This is constant, 
as it is independent of time t. 


Section 2 


2.1 We have 


oat = f (crit cai) at 
=(faa)i+(faa)s 


= (cit ar d,)i ae (cat + dz)j 
=ct+d, 


where d = d,i+ dj is an arbitrary constant vector. 


2.2 Example 2.3 predicts that X = u./2h/q, i.e. 

X* oy" 

hog 
The launch speed u, and hence the quantity 2u?/g, 
should be the same for each run of the projectile demon- 
strator. Calculating X?/h for the three data points, we 


obtain 
0.1051, 0.1023, 0.1041. 


These are as close to being equal as we are likely to 
get, given the accuracy to which the measurements were 
taken. From these values, we see that 2u?/g must be 
about 0.1038 (the average of the above three values), so 


me pecan 9.81 ~ 0.7136. 


So the ball must leave the ramp with a speed of 


about 0.7ms~!. 


2.3 We shall choose the y-axis vertically upwards and 
the x-axis horizontal. You may have chosen the ori- 
gin at the top of the cliff (in which case you should use 
Equation (2.10)). We can equally well choose the origin 
at the bottom of the cliff at beach level, and we shall do 
this. Suppose that the car left the cliff with a speed u, 
travelling in a horizontal direction (at right angles to 
the cliff). Then the initial conditions are exactly the 
same as in Example 2.3, but with h = 18. We can use 
the solution of Equation (2.2) derived in Example 2.3, 
which was 


r(t) = uti + (h — $9t?)j, 
or, separated into components, 

2= ut, (S.1) 

y=h— dgt?. (S.2) 
We know that « = 8 when y = 0 (assuming that the car 
hit the ground exactly 8 metres from the cliff and mod- 
elling the car as a particle). So, from Equation (S.1), 
the car hit the ground at t = 8/u. Substituting this into 
Equation (5.2) gives 

0 = 18 — $9(64/u’). 
Thus, as wu is positive, 


64 x 9.81 
NS ogeig 
‘Ll 


So the car left the cliff at a speed of just over 4ms~. 


2.4 (a) Suppose that the jumper’s speed on take off 
at O is u. The sum of the kinetic and potential ener- 
gies must be the same at A and at O (assuming that 
no energy is lost in skiing down the slope). The kinetic 
energy at A is zero and at O is smu?, where m is the 
jumper’s mass. Taking the x-axis as the datum, the po- 
tential energy is 15mg at A and zero at O. So, equating 
the total energies at O and A, we have 

1 
Thus u? = 30g and so, as u is positive, 


u = V30 x 9.81 ~ 17.16. 
1 


So the jumper’s speed on leaving O is about 17ms~~. 


mu? = 15mg. 


(b) Since the launch velocity is in the horizontal di- 


rection, we can use Equation (2.11), y = —gax?/(2u?). 
Since u? = 30g (from part (a)), this becomes 
y= pe". 


(c) The line OB has equation y = —~. 
(d) The coordinates (x,y) of the point B must satisfy 


both y = —x and y = — ae. So the a-coordinate of B 
must satisfy —a = — ho", i.e. 
gz? = 602. 


The solution x = 0 corresponds to the point O, so at B 
we have x = 60. Thus B has coordinates (60, —60). The 
distance OB is 60? + 602, i.e. about 84.85 metres. 


Solutions to the exercises 


(e) There are various factors affecting the length of 
jump obtained that are not included in this simple 
model of the jumper as a particle unaffected by resis- 
tive forces. The jumper may get a push start at A 
(potentially increasing uw and increasing the length of 
the jump), but will surely lose some energy through 
resistive forces while skiing from A to O (thereby re- 
ducing wu and decreasing the length of the jump). Air 
resistance in flight may reduce the distance of the jump, 
but a good jumper will use the skis to gain aerodynamic 
lift and so increase the length of jump achieved. The 
method of take off may lead to a launch velocity whose 
direction is above the horizontal, which again would in- 
crease the length of the jump. So some of these factors 
will increase the length of jump achieved, while others 
will reduce it. 


2.5 (a) Let the speed of the buggy at take off be u. 
For this part of the question it is convenient to use a 
coordinate system different from that used to give the 
equation of the ramp profile. Choose an origin at the 
point of take off, with a Y-axis vertically upward and 
an X-axis horizontal in the direction of take off. On 
landing, the buggy has (X, Y)-coordinates (5, —1). The 
trajectory of a projectile launched horizontally from the 
origin at speed u is given by Equation (2.11) as 


_ _gX° 
~ Qu2* 
For the trajectory to pass through (5,—1), we need 
9.81 x 5? 
1= ; 
Qu? 
that is, 


2 
u= a“ ~ 11.07. 


So the speed of the buggy at take off is about 11ms~!. 


(b) The ramp has the profile given by Equation (1.2), 
although we have only ‘part of a hump-backed bridge’, 
because of the restricted domain of x given. We cal- 
culated the vertical component of the force in Equa- 
tion (1.5) as 


Ro = 4 am hu’ _ ( arut 
2=mig Fj cos ZL F 


where ¢ is the time since the buggy started up the ramp, 
and h=1. 

From Equation (1.3), the highest point of the ramp is 
reached at t = L/(2u) (when cos(2rut/L) = —1). So 
Ry = 0 at the point of take off if 


Qn hu? 
m\g-—Fa —-) = 0, 


that is, 
2h 
L= tu] — 
g 
2x1 
= 11. ~ 15.71. 
a xX 11.07 9.81 5 


So the horizontal length 0.52 of the ramp is approxi- 
mately 7.854 metres. 
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Unit 14 Modelling motion in two and three dimensions 


2.6 In the text, we obtained Equation (2.18) for the 
range, namely R = u?sin20/g. With 6 = aT, the kick 
has range 40 metres, so the launch speed u must satisfy 
»_ 409 _ 80g 
sinint 3, 
We also obtained the expression (2.20) for the greatest 
height H = (u? sin? 0) /2g reached by a projectile. With 
d= aa and u? = 80g/V3, this gives 
80g x sin? 4 10 
= OA 5 5774. 
29V3 V3 


So the greatest height reached by the ball is about 
5.774 metres. 


2.7 We need to find the solution of #(t) = —gj sat- 
isfying r(0) = u, where u = (uwcos@)i+ (uwsin@)j and 
r(0) = hj (since the point of launch is (0,h)). The in- 
tegral of #(t) = —gj is 

r(t) = —gtjt+c. 
Substituting t = 0 and using the initial condition 
r(0) = u, we must have c = u. 
Integrating again gives 

r(t) = —j9tjt+ut+d. 
Substituting ¢ = 0 and using the initial condition 
r(0) = hj, we must have d = hj. 
Hence the required solution is 

r(t) = —4gt?j + (ut cos 6)i + (utsin ™)j + hj 

= (ut cos 0)i+ (h + utsind — 4gt?)j. 


2.8 Taking the origin to be at ground level, and using 
Equations (2.22) and (2.23), the position of the shot at 
a time ¢ after the launch is given by 

x = 13tcos aT, 

y = 1.8+ 13tsin dm — § x 9.814. 
To find the time when the shot hits the ground, we sub- 
stitute y = 0 in Equation (S.3) and solve the resulting 
quadratic equation for t. The solutions are t = 1.560 
and t = —0.2352. The negative solution represents a 
time before the shot is launched and so can be rejected. 
At t = 1.560, we have x = 17.57. 

So the shot lands at a horizontal distance of 17.57 me- 
tres from the point of launch. 


(8.3) 


2.9 Taking the origin to be at ground level, we can 
use Equations (2.22) and (2.23) with h=1.5 and 
@= 47. Suppose that the launch speed is u. Then 
Equation (2.22) gives x = utcos 4m = ut/V/2. If the 
stone hits the ground when t = T’, we have 30 = uT /V2, 
so T = 30V2/u. We know that y = 0 when t = T, so 
substituting into Equation (2.23) gives 


2 
30V2 1g [ 30V2 
0=1.5+u 
u J/2 2 u 


This gives u = 30\/9.81/31.5 ~ 16.74. 
1 


So the launch speed was approximately 16.74ms~°. 
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2.10 From Equations (2.22) and (2.23) we have 

x = utcos@, 

y=h+utsin6é — sgt’. 
From the first equation, t = v/(ucos@). Substituting 
this into the second equation gives 


Zz, g x 2 
o— OPO cag 2 Ga 


— h+etand ~ 2°45 sec? 4. 
u 


Alternatively, using sec? 6 = 1 + tan? @, 
= 29 2 
y=h+atand-« ap + tan* 6). 

2.11 We choose the origin to be at ground level, ver- 
tically below the point of launch. So the equation of 
the trajectory of the basketball is Equation (2.27) with 
h = 1.8 and u = 7 (using SI units). In order for the ball 
to pass through the net, we want the point « = 2.6, 
y = 3 to be on this trajectory. Hence 
a 981 

2x 7? 
This simplifies to the quadratic equation 


0.6767 tan? 6 — 2.6 tan + 1.877 = 0 (S.4) 


for tan 0. 


3 = 1.8+2.6tané — (2.6) (1 + tan? 6). 


(Alternatively, and more efficiently, you may have cho- 
sen the origin to be the point from which the ball 
was launched. However, this leads to the same equa- 
tion (S.4) for tan @.) 


This equation for tan @ has the two solutions, namely 
tan? = 2.879 and tané = 0.9633. 
Each of these gives a single value for @ in the range 
O<0< dn, 
6 = 1.236 (70.85°) and 0 = 0.7667 (43.93°). 


We see that there are two possible launch angles that 
enable the target to be hit. In this example, the choice 
of a launch angle of approximately 71° is more likely to 
be suitable, since this has the ball descending towards 
the net at the steeper angle, so the basketball is less 
likely to catch on the rim of the net. 


2.12 (a) We choose the origin to be at ground level, 
vertically below the point of launch. So the equation of 
the trajectory of the shot is Equation (2.26) with h = 2 
and @ = im (using SI units). The trajectory must pass 
through the point of impact, namely « = 17, y = 0. So 
the launch speed u must satisfy the equation 
29-81 
0=2+17—17 2 

(Alternatively, you may have chosen the origin to be the 
point from which the shot is launched. Then the equa- 
tion of the trajectory is Equation (2.24) and the point of 
impact is x = 17, y = —2. However, you should arrive 
at the same equation for u as above.) 


We have u? = (17? x 9.81)/19, so u © 12.22. 
So the launch speed is about 12.22 ms7!. 


(b) With wu as calculated in (a), the parameter L in 
Equations (2.29) and (2.30) has the value u?/g ~ 15.21. 
We also have h = 2, so the value of @ giving the maxi- 
mum range is (from Equation (2.30)) 


1 
6 = arctan | ———————- 
(= sat) 


1 
= arctan = 0.7272 (41.66°). 
f14+4/15.21 
The range achieved with this optimum launch angle is 
(from Equation (2.29)) 


R= VL? 4+ 2Lh= V/15.212 +4 x 15.21 ~ 17.09. 
So the optimum launch angle is about 41.66°, with a 
range of approximately 17.09 metres. 


(c) An improvement of 1% on the launch speed 
12.22ms~' calculated in (a) would give a launch speed 
12.22 x 1.01 = 12.34ms~!. With this launch speed and 
a launch angle iT, choosing the origin to be at ground 
level, vertically below the point of launch, the equation 
of the trajectory of the shot (Equation (2.26)) is 
9 : 

eS oP H on ae 
At the point of impact y = 0, which leads to the 
quadratic equation 

0=2+2— 0.064452”. 


This has solutions x = 17.31 and x = —1.793. 


We can reject the negative solution, which represents 
the point behind the putter where the trajectory in- 
tersects ground level. So the range of the put will be 
approximately 17.31 metres. 

(We can see from the answers to (b) and (c) that the 
student is right in saying that a small increase in launch 
speed is more effective in increasing the range than is 
getting the optimum launch angle. However, although 
slight, the improvement in range (of 9cm) resulting 
from putting at the optimum angle could be the dif- 
ference between winning and coming nowhere! So one 
might as well try to achieve the optimum launch angle.) 


2.13 (a) The trajectory must pass through the points 
(10, 2) and (30,2.4). So, using Equation (2.24) twice, 
we have 

2 = 10tand — 100545 sec? 6, (S.5) 


= G8 
2.4 = 30 tan 6 — 900572 sec’ 0. (S.6) 
Multiplying Equation (S.5) by 9 gives 
_ g 2 
18 = 90 tan 0 — 90052 sec” 0. (8.7) 
Subtracting Equation (S.6) from Equation (S.7) gives 


15.6 = 60 tan 0. 
So tan @ = 0.26 and 6 = 0.2544 (14.57°). 


(b) Substituting 6 = 0.2544 into Equation (8.5) gives 


2 = 10 tan(0.2544) — = sec? (0.2544), 
u 


so 
2_ 50 x 9.81 sec? (0.2544) — 879.8 
10 tan(0.2544) — 2 
and wu & 29.54. 


Solutions to the exercises 


So the ball was kicked at approximately 29.54ms7!. 


Using Equation (2.16), we have « = utcos@. We 
know that the ball entered the goal when x = 30, so 
t = 30/(29.54 cos(0.2544)) ~ 1.049. 


So just over 1 second after having been kicked, the ball 
entered the goal. 


2.14 If the stone has mass m, its initial kinetic energy 
is smu?, where u = 11. Between launch and hitting the 
target, its potential energy has increased by mgh, with 


h=1. If it hits the target at speed v, we must have 


pecs AD Bend 
amu + mgh = 5mu’. 


Putting wu = 11 and h = 1, we obtain 

vy? = 11? —2 x 9.81 = 101.4. 
So the speed of the stone when it hits the target is about 
10.07ms~?. 


2.15 Let the mass of the projectile be m, and take 
ground level as the datum for potential energy. The 
total energy at launch is $mu?. At the highest point 
in its flight, the vertical component of the velocity will 
be zero, while the horizontal component is ucos@ (by 
Equation (2.32)). If the height above the ground at 
this point is H, we have, by conservation of mechanical 
energy, 
$mu> = $mu* cos? 0+ mgH. 
Thus 
2 


mgH = kmu?(1— cos? @) = $mu? sin? 6. 
So the maximum height attained is 


u? sin? 0 
as given by Equation (2.20). 


2.16 (a) We solve the differential equation by inte- 
grating twice. Integrating once gives 


r(t) = —gtj+c. 
Putting t = 0 and using the initial condition r(0) = vj, 
the constant vector c must satisfy c = vj. So we have 
i(t) = (v— gA)j. 
Integrating again, we obtain 
r(t) = (vt — $gt?)j+d. 
Putting t = 0 and using the initial condition r(0) = 


ai+ bj, the constant vector d must satisfy d = ai+ bj. 
So the required solution is 


r(t) = (vt — $gt?)j + ai + Oj 
= ait (b+ vt — Zgt?)j. (S.8) 


(b) The initial velocity of the projectile is a multi- 
ple of j and so (assuming v > 0) is directly upwards. 
It is launched from the point (a,b). Since the object 
is thrown directly upwards, and gravity is the only 
force acting, the object will stay on the same vertical 
line. So the x-component of its position should not 
change. And indeed we do have, in the solution for 
r(t) in Equation (S.8), a constant i-component (giving 
the z-component of position) that is equal to its initial 
value a. 
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2.17 (a) The throw has range R = 20, so, using Equa- 
tion (2.18) with wu = 20, we have 
Rg 20x 9.81 
= = 0.4 
=F = ag = 014008, 
where @ is the launch angle. 


sin 20 = 


Caution is needed here. The angle @ must lie between 0 
and aT, so 26 is between 0 and 7. There are two angles 
with sin 26 = 0.4905 in this range: 


20=0.5127 and 20=7-—0.5127 = 2.629, 
that is, 
6 = 0.2563 (14.69°) and 6 = 1.314 (75.31°). 


So the ball was launched at about either 15° or 75° to 
the horizontal. 


(b) We saw in Equation (2.20) that the greatest height 
reached by such a projectile is u?sin?@/(2g). Here 
u = 20. A launch angle of 75° will achieve a greater 
height than one of 15°, so we take 6 = 1.314. Then the 
greatest height reached by the ball is 

20? sin? (1.314) 

2x 9.81 

This height of about 19m is above the point of launch, 
which might be up to 2m above the ground, depending 
on the height of the thrower. So a tree of 20m, or even 
21m, would be cleared. We saw in Equation (2.21) that 
a projectile attains its maximum height when z is half 
the range. Here the range is 20m, so the maximum 
height is achieved at a horizontal distance of 10m from 
the thrower. 


(c) The man can throw 50m on level ground. Ignoring 
any small difference between the launch and the im- 
pact heights, his maximum range (see Equation (2.19)) 
is u?/g (at a launch angle 47). So he can throw at a 
speed u, where u? = 50g, so that wu ~ 22.15. 


If the man throws at 20ms~", as he is able to, and uses 


a launch angle 1.314, he should clear the trees, as we saw 
in part (b). How long will this give him to run through 
the trees to catch the ball? Assuming that the peak 
of the trajectory is directly above the trees, he has to 
run 20m. This is in the 2-direction. The ball’s velocity 
has an x-component wcos@ = 20cos(1.314). So x = 20 
when t = 20/(20cos(1.314)) ~ 3.944. So the ball is in 
flight for about 3.944s. 


If the man can run at 8ms~! (which is equivalent to 
running the 100 metres in 12.5 seconds), then he will 
cover 20m in 2.5s. That would leave 1.444 to get mov- 
ing after he has thrown the ball and to get into position 
to catch it. He looks likely to be able to do it, so it isa 
bad bet to take! 


2.18 (a) Conservation of mechanical energy provides 
an efficient approach here. Suppose that the ball hits 
the target at a speed v. The launch height is not given. 
If we assume that the point of launch is at ground level 
(it will in fact be higher), then the estimate of the speed 
at which the ball will hit the target will be on the low 
side. Allowing for hitting a target at its top, the ball 
will be 3.1m higher when it hits than when it is thrown. 
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Taking the launch position as the datum for the poten- 
tial energy, conservation of mechanical energy gives 
tu = su? + gh, 
where h = 3.1 and u = 15. Hence 
v = 152-2 x 3.1x 9.81 ~ 12.81. 


This speed of 12.81ms~! is comfortably above the 
12ms~! required to dislodge a target. 


(b) Choosing the point of launch as the origin, the tar- 
get is at (20, a), where 2 < a < 2.1 (allowing for a target 
of height 0.1m). We need this point to lie on the tra- 
jectory, whose equation is 


y = xtand — oF (1 + tan? 6). 
2u 
So we need, for a somewhere between 2 and 2.1, 
9.81 
a = 20tan0 20° 5 x 1B? (1+ tan? 6). (S.9) 


For a = 2, Equation (S.9) has solutions 
tan@é= 1.440 and tand@ = 0.8539, 
that is, 
6 = 0.9637 (55.22°) and @= 0.7068 (40.49°). 
For a = 2.1, Equation (S.9) has solutions 
tan@é=1.419 and tané@ = 0.8742, 
that is, 
6 = 0.9570 (54.83°) and @= 0.7184 (41.16°). 


So the launch angle needs to be either between 40.49° 
and 41.16° or between 54.83° and 55.22°. We see that 
there is very little margin for error! 


UNIT 15 Modelling heat transfer 


Study guide for Unit 15 


The unit makes use of ideas relating to energy (from Unit 8) and first-order 
differential equations (from Unit 2). Some of the ideas here are picked up 
again in Units 16 and 238. 


This unit contains four sections: Sections 2 and 3 require roughly equal 
study time; however, Sections 1 and 4 are somewhat shorter. Ideally this 
unit should be studied in the order in which it is presented. 


Note that generally in this unit the intermediate and final answers of cal- 
culations are expressed to four significant figures, although full calculator 
accuracy was used throughout the calculations. 
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Unit 15 Modelling heat transfer 


Introduction 


Before the oil crisis of 1973, most people in the United Kingdom took cheap 
energy for granted and did not worry very much about the heat that was 
lost through their walls, windows and roofs. Suddenly, fuel costs increased 
dramatically and householders were urged to conserve energy, especially by 
insulating their walls and roofs, double-glazing their windows and lagging 
their hot-water tanks. Even today householders have similar concerns, rec- 
ognizing that, as well as saving money, reducing energy consumption reduces 
environmental pollution and conserves finite stocks of fossil fuels. 


This unit develops models that could be used to answer questions such as 
the following. 


e How much does it cost to heat up a tank full of hot water? 
e What thickness of insulation should be applied to a hot-water tank? 


e What thickness of insulation should I use in my loft, and what savings 
would I make over a year? 


e What should the gap be in double-glazing? 
e Would triple glazing be better than double-glazing? 


e Is it better to insulate the roof, insulate the walls or double-glaze the 
windows of my house? 


The common factor in answering all these questions is the need to consider 
the transfer of heat energy between different regions of space. 


The essential factor in considering the transfer of heat energy is the 
existence of a temperature difference, combined with the rule that the net 
transfer of heat energy takes place from regions of higher temperature to 
regions of lower temperature. For example, the fact that heat energy is 
transferred from a heated room to the cooler atmosphere outside the house, 
through the walls, is only too clear to the householder who has to pay the 
fuel bills. Also, the heat energy reaches the air in the room via, say, a central 
heating radiator, which is itself at a temperature above that of the room. 


Heat is only one of many forms of energy, and energy can be converted from 
one form to another. For instance, in many electricity generating stations 
the chemical energy stored in gas, oil or coal is converted into heat energy, 
which then drives the turbines giving them kinetic energy. This kinetic 
energy is converted by the turbines into electrical energy and transmitted 
to the home where it may, in turn, be converted into kinetic energy (in a 
drill, vacuum cleaner, etc.) or light energy (in light bulbs, television, etc.) 
or heat energy (in an electric kettle, oven, electric fire, etc.). 


This unit, however, does not discuss the topic of energy conversion, but 
concentrates on the transfer of heat energy from one region of space to 
another. The fact that the discussion will be restricted to transfers of heat 
energy does not mean that our examples will lack variety. There are in fact 
three distinct modes of heat energy transfer, and the unit develops models 
for each of these three modes. 


The models introduced in this unit are widely used, for example to predict 
the rate at which heat energy is being transferred between different regions 
(or the amount of heat energy transferred in a given time) or to predict the 
way the temperature varies inside a region. In particular, this unit develops 
models for the loss of heat energy through the walls of a house and from 
a cylindrical pipe containing a hot fluid. Although these two basic models 
may appear, at first sight, to be very restrictive, they can be used as a basis 
for answering all the questions posed earlier. 
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Heat is a form of energy, and 
to remind you of this we shall 
often refer to heat energy 
rather than just heat in this 
unit. 


Section 1 Heat and temperature 


Section 1 introduces the basic ideas of heat energy and temperature, and 
the three modes of heat energy transfer, namely conduction, convection and 
radiation. Conduction is discussed in more detail in Section 2, for steady- 
state situations. Section 3 discusses convection, again for the steady state, 
and develops models of situations where both conduction and convection 
are important. Finally, Section 4 considers the third mode of heat energy 
transfer, radiation, and how steady-state situations involving all three modes 
of heat energy transfer can be modelled. 


1 Heat and temperature 


In studying this unit, it is important that you are clear about the difference 
between the concepts of temperature and heat. This difference is spelled 
out in Subsection 1.1, which also discusses the relationship between these 
concepts. Subsection 1.2 introduces the three modes of heat energy transfer, 
namely conduction, convection and radiation, which we shall consider in 
more detail in the remainder of this unit. 


1.1 The relationship between heat and temperature 


You probably already know that temperature is a measure of the warmth 

of an environment, an object or a substance. If I told you that the room 

in which I am writing this unit has a temperature of 18°C, you could guess 

that I am wearing normal indoor clothing (although I do have a sweater on). 

However, the temperature outside is —1°C, and so when I take my dog for a 

walk I shall put on a coat, a scarf and a woolly hat. Internationally, temper- 

atures are commonly measured in degrees Celsius (abbreviated to °C), which Degrees Celsius are 

is the temperature scale in which water freezes at 0°C and boils at 100°C. sometimes referred to as 
Other scales of temperature are sometimes used — for example, when I ‘4egrees centigrade’. 

was younger, temperatures in the United Kingdom were usually measured The SI unit of temperature is 
in degrees Fahrenheit (abbreviated to °F), which is a scale in which water actually not °C but the 
freezes at 32°F and boils at 212°F. However, the important concept is that *¢/vtm, as is described later. 
temperature is a measure of how hot something is, in the same way as speed 

is a measure of how fast something is moving. In this course we denote 

temperatures using the symbol 0. 


Heat, on the other hand, is a form of energy, also known as heat energy We shall generally use the 

or thermal energy. If the temperature of a substance increases, then term heat energy in this unit. 
heat energy has been given to the substance; conversely, if the temperature 

of a substance decreases, then heat energy has been taken away from the 

substance. Moreover, when heat energy is given to or taken from a substance 

then its temperature increases or decreases, respectively. In this course we 

denote heat energy in particular, and energy in general, by the symbol F. 


In the above discussion of the connection between temperature and heat 
energy we have assumed that the substance does not change state. For 
example, it requires 226 x 104 joules of heat energy to convert 1 kg of water 
at its boiling point into steam at the same temperature. 


To determine the relationship between temperature and heat energy, 

various experiments have been performed over the years. Typically, these ex- 

periments add energy at a constant rate to a substance, which is thermally 

isolated from its surroundings, and measure the temperature at different Thermal isolation is necessary 
times. For example, water could be heated in a vacuum flask containing a to minimize any heat energy 
heating element and a thermometer. These experiments have provided the 1088es to the surrounding 
following relationship between temperature and heat energy. ac 
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Unit 15 Modelling heat transfer 


Relating heat and temperature 


The change in the heat energy of a mass m of a substance when its 
temperature is changed from 0, to Q2 is given by 


FE» — By = mc(@ — 04), (1) 
where FE; is the heat energy when the temperature is QO, and E is the 
heat energy when the temperature is Og. The parameter c depends on 


the nature of the substance being heated, and is called the specific heat 
capacity or sometimes the specific heat of the substance. 


The SI unit of temperature is the kelvin, represented by the symbol K. A 
temperature of zero kelvins is taken to be the lowest temperature attainable, 
which is called absolute zero. This temperature is equivalent to —273.2°C 
(to 4 significant figures). The relationship between temperatures measured 
in kelvins and degrees Celsius is 


temperature in K = temperature in °C + 273.2, 


so that, for example, 20°C is equivalent to 293.2 K. Also note that a rise in 
temperature of 1 K is equal to a rise in temperature of 1°C, so it is possible 
to quote temperatures in degrees Celsius (°C) when using formulae such as 
Equation (1.1), which involve a temperature difference. 


The SI unit for heat energy is the same as that for other forms of energy, 
namely the joule (denoted by J, where 1J =1kgm?s~?). The SI units for 
specific heat capacity c are Jkg~' K~! (i.e. joules per kilogram per kelvin). 
Thus the specific heat capacity of a substance is the amount of heat 
energy, in joules, required to raise the temperature of 1 kilogram of the 
substance by 1 kelvin. 


As has already been mentioned, the specific heat capacity is different from 
substance to substance. For example, it takes approximately 30 times less 
heat energy to raise the temperature of 1 kilogram of mercury by 1°C than to 
raise the temperature of the same mass of water by the same amount. Also, 
the specific heat capacity of a substance depends slightly on temperature 
and, in the case of a gas, on pressure. Approximate specific heat capacities 
for various substances, at a temperature of 293K (~ 20°C) for solids and 
liquids, and at standard temperature and pressure (STP) for gases, are given 
in Table 1.1. 


Table 1.1 Specific heat capacities 


Substance Specific heat capacity c 
(Jkg-* K~') 
Water 4190 
Ethyl alcohol 2 500 
Mercury 140 
Crown glass 670 
Mild steel 420 
Copper 385 
Air 993 
Hydrogen 14300 
Oxygen 913 


Source: R. M. Tennent (ed.) (1971) Science data book, Oliver and Boyd. 
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The model assumes that the 
substance has a uniform 
temperature at any given 
time. 


The kelvin is named after the 
British physicist Lord Kelvin 
(1824-1907). 


The scale in which 
temperature is measured in 
kelvins is called the absolute 
scale. 


Note that we write ‘K’ 
not ‘°K’. 


See Unit 8. 


Standard temperature and 
pressure (STP) for a gas isa 
temperature of 0°C and a 
pressure of 101325Nm~?. 


Section 1 Heat and temperature 


Although it is not used directly in Equation (1.1), another quantity that will 

prove useful in this unit is the rate at which heat energy is produced (e.g. by 

the heating element in a kettle) or transmitted or dissipated. The SI unit 

for measuring this quantity is the watt (denoted by W), where one watt The watt is named after the 

equals one joule per second (1W = 1Js7'). If, for example, the element in British engineer James Watt 

a kettle has a power rating of 3000 watts, it will (as long as it is switched on) (1736-1819). 

use electrical energy at the rate of 3000 joules per second to produce heat The power rating of a heating 

energy at the same rate. The watt is a rather small unit for many of the Source is simply the rate at 

situations in which it is used, and so it is more common to find the power which that source produces 
; , ' : : heat energy. 

rating of heating elements expressed in kilowatts (i.e. thousands of watts, 

denoted by kW). For example, one-bar electric fires commonly have 1kW  1kW = 1000W 

elements, immersion heaters in water tanks commonly have 3kW elements 

and electric kettles commonly have between 2 and 3kW elements. 


*Exercise 1.1 


(a) Use Equation (1.1) and Table 1.1 to calculate the change in the heat 
energy of 2kg of water when its temperature is raised from 20°C to 
80°C. 

(b) The water in (a) was heated in an electric kettle with a 2kW element. 
Assuming that all the electrical energy is used only in heating the water, 


estimate how long it will take to raise the water temperature from 20°C 
to 80°C. 


(c) In (b) it is assumed that the electrical energy is used only to heat the 
water. What else would it be used to heat, in practice? Is the answer 
to (b) an underestimate or an overestimate of the actual time taken? 


1.2 The three modes of heat transfer 


There are three modes of heat energy transfer, or heat transfer for 
short, namely conduction, convection and radiation. 


In conduction, heat energy is transferred from one part of a substance to 
another part because the faster vibration of molecules in the hotter part (i.e. 
the part at a higher temperature) excites the molecules, atoms or electrons 
in an adjacent cooler part so that they, in turn, move faster. In this way 
heat energy is passed through the substance from the parts at a higher 
temperature to those at a lower temperature. There is no macroscopic (i.e. 
large-scale) movement of any part of the substance involved in this mode of 
heat transfer. 


The conduction of heat energy takes place in all solids, liquids and gases. 
However, the molecules in solids and liquids are packed fairly tightly, whereas 
the molecules in gases are widely spaced. Conduction in gases is determined 
by the rate at which the kinetic energy of the gas molecules can be trans- 
ferred by random collisions, which occur relatively infrequently. So gases 
are poor conductors of heat energy compared with solids and liquids, with 
the result that, in modelling heat transfer, the conduction of heat energy 
through gases is often ignored (at least in a first model). In fact, although 
liquids are generally better conductors of heat energy than gases, apart 
from mercury, they too are generally poor conductors compared with solids. 
Consequently, in modelling heat transfer, the conduction of heat energy in 
liquids is also often ignored. 
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One example of conduction is the loss of heat energy through the walls of a 
warm room. The inside surface of the wall is at a higher temperature than 
the outside surface and, as a result, heat energy passes through the wall by 
conduction. Another example is the transfer of heat energy from the inside 
of a pipe carrying hot water to the outside of the pipe. 


The second mode of heat transfer, convection, is associated only with fluids 
(i.e. liquids and gases). In convection, heat energy is transferred by virtue 
of the movement of the fluid. A saucepan of water being heated on a gas 
ring is a suitable example. Heat energy from the burning gas is conducted 
through the bottom of the saucepan and transmitted to the parts of the 
water nearest the bottom of the pan. This raises the temperature of that 
part of the water and consequently makes it less dense. The hotter water 
then rises and mixes with the main body of the water, transmitting heat 
energy to it. It is replaced near the bottom of the pan by cooler water from 
above, and the process continues. The resulting movements of the water 
are referred to as convection currents. If convection currents are caused 
purely by the kind of variation in density with temperature described in 
the case of the water in the saucepan, the process is known as natural or 
free convection. If the fluid movement, and therefore the rate of heat 
transfer, were to be increased by the use of a stirrer or a pump, for example, 
then it would be forced convection. Examples of heat transfer by forced 
convection are cooling a cup of hot tea by blowing over the surface, and 
baking in a fan oven. Convection is particularly important as a mode of 
heat transfer near the interface between the fluid and another substance. 


The third mode of heat transfer is thermal radiation, often referred to 
simply as radiation. A familiar example of radiation is the way that heat 
energy reaches us from the sun. Radiation can take place through any sub- 
stance — solid, liquid or gas — and even through a vacuum. However, 
opaque substances are largely opaque to radiation, in that very little heat 
energy is transferred through them by radiation, with the result that, in 
modelling heat transfer, the radiation of heat energy through opaque sub- 
stances can usually be ignored. 


Every substance — solid, liquid or gas — continuously emits part of its 
heat energy by radiation and gains heat energy by radiation from the other 
substances around it. For a given substance, the net rate at which it gains 
or loses heat energy by radiation depends on its temperature, as well as 
the nature of its surface (in the case of solids and liquids). The higher 
the temperature of the substance, the greater the amount of heat energy it 
radiates in a given time. A highly polished surface is a poor radiator and 
also a poor absorber of radiation; this is why in a vacuum flask the surfaces 
that face each other across the vacuum are highly polished reflectors. A matt 
black surface is a good radiator and a good absorber of radiation. Gases are 
poor radiators of heat compared with solids or liquids, with the result that, 
in modelling heat transfer, the radiation of heat energy by gases is often 
ignored. 


Example 1.1 


A cavity wall of a house consists of a layer of breeze-blocks, an air gap anda 
layer of bricks, as shown in Figure 1.1. Assume that the conduction of heat 
energy through air is negligible, that the radiation of heat energy from air 
is negligible, and that the breeze-blocks and bricks are opaque to radiation. 
Identify the modes of heat transfer involved in the transfer of heat energy 
through the wall from the inside of the house, which is warm, to the outside 
on a cold, windy day. 
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The mechanism by which the 
heat energy travels is called 
electromagnetic radiation. 
This course is not the place 
for a detailed discussion of 
electromagnetic radiation, but 
it is worth mentioning that 
radio and television signals, 
light and X-rays are all 
examples of it. 


Section 1 Heat and temperature 


Solution 
breeze-blocks bricks 
The modes of heat transfer are: 
(a) natural convection from the warm air inside the house to the inside 
surface of the breeze-block layer; 


(b) radiation from objects inside the house to the inside surface of the 
breeze-block layer; 


inside 
outside 


(c) radiation from the inside surface of the breeze-block layer to objects 
inside the house; 


(d) conduction through the breeze-block layer; 


(e) natural convection from the outer surface of the breeze-block layer to 
the air in the gap; 


(f) radiation from the outer surface of the breeze-block layer to the inner air gap 
surface of the brick layer; ; 
Figure 1.1 
(g) natural convection from the air in the gap to the inner surface of the 
brick layer; 
(h) radiation from the inner surface of the brick layer to the outer surface 
of the breeze-block layer; 
(i) conduction through the brick layer; 
(j) forced convection from the outside surface of the brick layer to the cold 
air outside the house; 
(k) radiation from the outside surface of the brick layer to the surroundings 
outside the house; hot tea 


(1) radiation from the surroundings outside the house to the outside surface 
of the brick layer. 1 


*Exercise 1.2 wooden table 


A china cup full of hot milky tea is placed on a wooden table, as shown 
in Figure 1.2. Assume that the conduction of heat energy through tea is 
negligible (so that the temperature of the bulk of the tea can be assumed 
to be uniform) and that china, wood and milky tea are opaque to radiation. 
Identify the modes of heat transfer present in the cooling of the cup of tea. Figure 1.2 


Although, as Example 1.1 and Exercise 1.2 illustrate, more than one mode 
of heat transfer is present in most physical situations, in this unit, for the 
sake of simplicity, we shall consider each mode separately (at least at first). 


End-of-section Exercises 


Exercise 1.3 


An immersion heater is rated at 3kW. It is used to heat the water in a 
well-insulated tank that contains 100 kg of water. How long will it take to 
heat the water from 15°C to 60°C, assuming that all the electrical energy is 
used only in heating the water? Do you think that your answer is reasonably 
close to reality? 
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Exercise 1.4 


An empty room in a house has a volume of 40m°. On a cold morning the 
room has a temperature of 0°C, and you wish to raise the temperature of 
the room to 20°C in 30 minutes by using an electric fire. Ignoring heat losses 
through the walls, doors, windows, floor and ceiling, what is the minimum 
rating of an electric fire that could achieve this? Do you think that your 
answer is reasonably close to reality? 


2 Conduction 


In this and subsequent sections of this unit we shall develop models for the 
transfer of heat energy through the walls of a house. We shall begin, in this 
section, by setting up a simple model based on just one of the three modes of 
heat transfer, namely conduction. Subsection 2.2 provides a brief discussion 
of a physical law that we shall need in our modelling. Subsection 2.4 extends 
the model to a different situation, that of conduction through a pipe. In 
later sections, we shall extend our model to take into account the effects of 
convection and radiation. 


2.1 Heat loss through a wall: initial assumptions 


For our first model of the conduction of heat energy through a wall, we 
restrict ourselves to walls that consist of a single layer of material, such as 
the stone walls found in old cottages. 


We shall model our solid wall as a flat rectangular slab, by which we 
mean a solid with six rectangular faces, the breadth (or thickness) of which 
is significantly less than its height or length, as illustrated in Figure 2.1. We 
shall refer to the two largest faces of the slab as the surfaces of the slab; in 
the case of a solid wall, one of the surfaces represents the inside surface of 
the wall and the other the outside surface. (We shall be able to apply our 
heat transfer model not only to solid walls but also, for example, to solid 
doors, to single-glazed windows and even to slab-shaped volumes of fluids.) 
The two surfaces of the slab have the same area, as does any cross-section 
parallel to these surfaces. 


The purpose of the model is to enable us to calculate the rate of heat energy 
loss due to conduction through a solid wall (or through anything else that 
can be modelled by a slab) when one surface of the wall (the ‘inside’ or ‘inner’ 
surface) is at a higher temperature than the other surface (the ‘outside’ or 
‘outer’ surface). 


*Exercise 2.1 


List four or five factors (e.g. the temperature on the inside surface of the 
slab) that you think are the most important in determining the rate of heat 
energy loss due to conduction through a slab. How would you expect the 
rate of heat energy loss to change as these factors are varied? 
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You may assume that the 


density of air is 1.293kgm7~%. 


Multilayered walls are 
considered in Sections 3 
and 4. 


breadth 


Figure 2.1 


height 


The solution to Exercise 2.1 will help us later when we come to define 
the variables and parameters for our model, and to formulate relationships 
between them. But first, we need to list the simplifying assumptions that 
will enable us to develop our first, simple model of heat transfer through a 
wall by conduction. Here is an initial list of simplifying assumptions. 


(1) The wall is of uniform construction, so that we ignore the facts that the 
wall is likely to be made up from a variety of different materials (e.g. 
bricks, stones, mortar, plaster) and is likely to contain doors and/or 
windows. (Heat energy losses through doors and windows could be in- 
corporated later in a revised model.) 


(2) The wall can be represented as a slab. In consequence, we can choose 
coordinates so that the inside surface of the wall is in the plane x = 0 
and the outside is in the plane x = b (b > 0), where b is the thickness of 
the wall (see Figure 2.2). 


(3) The temperature in the wall is the same in each plane x = constant. 
This implies that the temperature in the wall at any given time depends 
on x and not on y or Zz, ie. it means that we assume the temperature 
does not change as we get near the top, bottom or ends of the wall. 


(4) The wall is in a steady state, which means that the temperature at any 
given point is independent of the time. This means, for example, that 
we ignore the fact that the temperatures inside and outside a house can 
vary considerably between day and night. (Variations over time could 
be included later in a revised model.) 


Assumptions (3) and (4) imply that the temperature at a point in the wall, 
being independent of time ¢t and the spatial coordinates y and z, depends 
only on the spatial coordinate «. We can, therefore, represent the temper- 
ature by a variable O = O(x), 0 < x < b, where O(z) is the temperature at 
any point in the wall at a perpendicular distance x from the inside surface. 


*Exercise 2.2 


Under assumptions (1) to (4), what is the direction of the transfer of heat 
energy through a wall? You may assume that the (inside) surface x = 0 of 
the wall is at a higher temperature than the (outside) surface x = b. 


The function O(a) gives, in theory, a complete description of the temperature 
distribution in the wall. The question now is how to find this distribution, 
and how to find the rate of heat transfer by conduction through the wall. In 
order to do this, we have to make a further assumption, known as Fourier’s 
law, about the relationship between the temperature distribution and the 
resulting rate of heat transfer. 


Before discussing Fourier’s law, it is worth noting that the rate of heat 
transfer is vector quantity, as it possesses both magnitude and direction 
(the direction of the heat transfer). However, in this unit we shall only be 
concerned with the magnitude of the rate of heat transfer, denoted by q; 
the direction will always be from a region of higher temperature to one of 
lower temperature. Also, we shall refer to q as the rate of heat transfer, even 
though strictly speaking q only gives the magnitude, since the direction will 
be obvious from the context. 


Section 2 Conduction 


Figure 2.2 


Variations over time are 
considered in Unit 16. 


In particular, this implies 
that the temperatures on the 
inside and outside surfaces of 
the wall are uniform and 
constant. 


A vector approach to heat 
transfer is contained in 
Unit 23. 
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2.2 Fourier’s law 


The model that we shall use for steady-state conduction through a wall is 
based on theoretical work done by the French mathematician Joseph Fourier 
in the early nineteenth century, which has since been amply confirmed by 
experiment. Fourier’s law gives quantitative expression to the idea that 
conduction transfers heat energy from hotter to cooler places, by postulating 
that the rate of heat transfer is determined by how rapidly the temperature 
varies with position. 


In the case of our slab, temperature is a function of the x-coordinate and 
the rate of change of temperature with position is given by dO/dx, which is 
referred to as the temperature gradient. Now Fourier’s postulation was 
that the rate of heat transfer q is proportional to the temperature gradient. 
Also, assumptions (1) to (3) in Subsection 2.1 lead to the reasonable postu- 
lation that q is proportional to the surface area, A, of the slab. Combining 
these two postulations, we obtain 


A, — 
qx Aa? 


where x means ‘is proportional to’. Now, the rate of heat transfer q is 
positive (from the warm inside to the cool outside) and (measured in the 
same direction) the temperature gradient dO/dz is negative. So, because q¢ 
and d@/dx have opposite signs, it is conventional to write 


q = —kA—, (2.1) 


where « is a positive constant of proportionality, called the thermal con- 
ductivity of the uniform material of which we assume the slab is made. 
Equation (2.1) gives Fourier’s law in the case of our slab; it provides the 
required model of the rate of heat transfer by conduction through our wall. 
In SI units thermal conductivity « is measured in watts per metre per kelvin 


(Wm"*K—), 


The thermal conductivity of a substance varies slightly with temperature. 
However, in this unit, we shall assume that it is a constant for any given sub- 
stance. Table 2.1 shows some typical values of « for various solid materials 
at 293K (~ 20°C). 


Table 2.1. Thermal conductivities 


Material Thermal conductivity 
(Wm! K~) 
Pure copper 385 
Stainless steel 150 
Mild steel 63 
China 1.5 
Crown glass 1.0 
Brick 0.6 
Breeze-block 0.2 
Wood 0.15 
Concrete 0.1 
Cork 0.05 


Source: R. M. Tennent (ed.) (1971) Science data book, Oliver and Boyd. 


Equation (2.1) gives a special case of Fourier’s law, applicable to the case of 


the slab. The general form of the law is as follows. 
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Jean Baptiste Joseph Fourier 
(1768-1830) 


It is true in general that, if 
measured in the same 
direction, the rate of heat 
transfer and the temperature 
gradient must have opposite 
signs. 


This assumption is a 
reasonable one when 
temperature differences are 
not too large. 


Fourier’s law 


Consider a surface S, which is everywhere perpendicular to the direc- 
tion of heat transfer and is sufficiently small that the temperature gradi- 
ent dO/dn normal (i.e. perpendicular) to the surface can be considered 
constant over the surface. The rate q of heat transfer by conduction 
across the surface is 


gq = —KA—, (2.2) 


where « is the thermal conductivity of the uniform material containing 
S and A is the area of S. 


We shall use this more general form of Fourier’s law in Subsection 2.4 when 
we consider conduction through a pipe. 


2.3 Heat loss through a wall: a first model 


In order to use Equation (2.1) to determine the rate of transfer of heat 
energy by conduction through our wall, we need to know how the rate of 
heat transfer gq depends on ¢t and x. Since we are assuming a steady state, 
O is independent of t; hence, by Equation (2.1), g must also be independent 
of t. To determine how q depends on 2, consider a slice of the slab stretching 
from x = x1 to % = 22 (see Figure 2.3). Now, since O is independent of t, 
the temperature at any point in the slice is always constant. This means 
that the heat energy of the slice is constant. We can deduce that the rate 
of heat transfer into the slice through the plane x = 21, in the direction 
of increasing x, must be equal to the rate of heat transfer out of the slice 
through the plane x = x2, again in the direction of increasing x (or else the 
heat energy of the slice would vary). Therefore, since the choice of slice 
is arbitrary, the rate of heat transfer must be constant for all x, i.e. q is 
independent of «. To summarize, g is independent of both ¢ and z, i.e. the 
rate of heat transfer by conduction through the wall is constant. 


So our task is to use Fourier’s law, in the form 
q=—-KkKA—, (Zol) 


knowing that qg is a constant, to find the rate of transfer of heat energy 
through a slab of thickness b when we know the temperatures of the two 
surfaces x = 0 and « = b. We denote these two temperatures by 0; and Q2, 
respectively, i.e. O(0) = O; and O(b) = Og, and assume that O; > Oo. 
As q, « and A are all constants, Fourier’s law tells us that 

dO q 

dx ~— KA’ 
is also constant. This differential equation can be solved by direct integration 
to give 


(2.3) 


O(x) = -52 cars (2.4) 


where C' is a constant. Putting « = 0 in Equation (2.4) and using the 
boundary condition O(0) = 0; gives C = 0,, whence 


O(x) = ig +04. (2.5) 


Section 2 Conduction 


In Unit 23, we shall see how 
Equation (2.2) can be 
expressed more elegantly 
using vector notation. 


Figure 2.3 
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Putting x = b in Equation (2.5) and using the boundary condition O(b) = O2 
gives 
q 


Oo = ACT ee (2.6) 


Hence, rearranging Equation (2.6), a model of the rate of heat transfer by 
conduction through the slab is 
KA(O,1 — O2) 


q=—— (2.7) 


Steady-state conduction through a uniform slab 


In the steady state, the rate of heat transfer g by conduction through a 
slab of constant cross-sectional area A and thickness b, made of uniform 
material with thermal conductivity «, is given by 

KA(O, = Q2) 


— (2.7) 


where 0; and O2 (©; > Q2) are the temperatures of the two surfaces 
of the slab. 


Using Equation (2.7) to substitute for gq in Equation (2.5) gives 
0; — Or 
——_—_“¢ 

b 


as the temperature distribution in the slab. This linear relationship is il- 
lustrated in Figure 2.4. Using Equation (2.7) to substitute for q in Equa- 
tion (2.3) gives 

dO O1 — Oz 


dx b a8) 


as the temperature gradient in the slab. (Equation (2.9) is written in this 
way to emphasize that, for 0; > O2, the temperature gradient is negative.) 


O(x) = (On = (2.8) 


*Exercise 2.3 


Does Equation (2.7) depend on the factors that you thought of as important 
in Exercise 2.1? Does qg increase or decrease as A, 0; — Og and b increase? 
Is this what you predicted in your solution to Exercise 2.1? 


*Exercise 2.4 


The solid brick walls of a house are 210mm thick. The air inside the house 
is at a temperature of 18°C and the air outside is at a temperature of 10°C. 
Assume that the surfaces of the walls are at the temperature of the air with 
which they are in contact. 


(a) What, according to the steady-state conduction model, is the rate of 
heat transfer through the walls, per square metre of wall surface? 


(b) What is the temperature gradient of the wall? 


(c) What is the temperature at a point in the wall 50mm from the inside 
surface? 


In Exercise 2.4 we have seen that our model predicts that the rate of 
heat transfer by conduction per unit area through a 210mm solid brick 
wall, when the inside and outside temperatures are 18°C and 10°C, is 
22.86 Wm’. Experimentally, the rate of heat transfer per unit area is 
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As Equation (2.7) involves a 


temperature difference, it can 


be used with either the 
Celsius or the absolute 


temperature scale. 


Oa 


0, 


0; 


0 
Figure 2.4 


found to be 16.8 Wm~?, which is significantly lower. One of the main rea- 
sons for this discrepancy is the assumption we made in Exercise 2.4 that the 
temperature on the inside surface of the wall is the same as the temperature 
of the air inside the house, and similarly for the temperature on the outside 
surface of the wall. However, if you touch the inside surface of a wall, you 
should notice that it feels colder than the air inside the house; similarly, the 
outside surface feels warmer than the air outside the house. So this assump- 
tion is not a good one. The less than perfect thermal contact between the 
surfaces of the wall and the air is caused by convection. In Section 3 we shall 
develop a revised model for heat transfer through a wall by incorporating 
the effects of convection at the inside and outside surfaces of the wall. 


2.4 Conduction through a pipe 


We shall end this section by discussing conduction through the walls of a 
cylindrical pipe — for example central heating pipes, which carry hot water 
to the radiators and are surrounded by cooler air. We shall assume again 
a steady state, as defined earlier, and also that heat transfer takes place 
radially (i.e. at each point in the pipe wall, the direction of heat transfer is 
away from the centre of the pipe). 


The main difference between this case and conduction through a slab is that 
here the cross-sectional area A through which heat energy is transferred is 
not constant. This becomes clear when we consider the cross-section of a 
pipe such as that shown in Figure 2.5. The pipe is of length J, and has inner 
radius r; and outer radius rz (so the thickness of the pipe wall is r2 — 11). 
The inner surface of the pipe has area A; = 27r,/ and the outer surface 
has area Ao = 2mrgl, and Ag > A;. For any radius r, where 7, <r < 1a, 
the cross-sectional cylindrical surface defined by r (shown in Figure 2.6) has 
area A = 2rrl, so the cross-sectional area depends on the radius. 


Now for any cross-sectional cylindrical surface of radius r inside the pipe wall 
(so that r7) <r < rg), symmetry tells us that the temperature at all points 
of this surface will be the same. It follows that the steady-state temperature 
O in the pipe wall is a function only of r, and the temperature gradient is 
dO/dr. Furthermore, under the assumption that heat transfer takes place 
radially, the direction of the transfer of heat energy across this cylindrical 
surface is everywhere perpendicular to the surface. So, by the general form 
of Fourier’s law (Equation (2.2)), the heat transfer rate is 


where in this case the area A is a function of r. 


Using A = 2rrl, we obtain 


dO 
= 2 — 
q wx (Qari) x —, 


and hence 
dO _ q _ q 1 
dr Qrerl rk oy 


Using an argument similar to that used in Subsection 2.3, we can deduce 
that, in the steady state, g is a constant, i.e. gq does not vary with r. Thus, 
Equation (2.10) can be solved by direct integration to give the general 
solution 

e= “55 lng + C, 


TK 
where C is a constant. 


Section 2 Conduction 


Figure 2.5 


Figure 2.6 
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We can find the constant C' and the rate of heat transfer q if we know the 
temperatures at the inner and outer surfaces of the pipe. We shall denote 
the temperature on the inner surface r =r, of the pipe by OQ, and the 
temperature on the outer surface r = rg by O2, and we shall assume that 
0, > Og, i.e. that the inner surface is hotter than the outer surface, so that 
heat energy is transferred from the inside to the outside of the pipe. Using 
these two boundary conditions, we obtain 
q 


@,=-—. nr, +C and O.=-~HInn+C. 

27K 27K 

Subtracting the second equation from the first, we have 
0, —-O2= slnns —Inr,) = sa] In (2) ; 

sO 

_ 2rKl(O1 i Q2) 


a In(r2/71) ey) 


Steady-state conduction through a uniform cylinder 


In the steady state, the rate of heat transfer g by conduction through 
a cylinder of inner radius r;, outer radius rg and length /, made of 
uniform material with thermal conductivity «, is given by 
27 Kl (O; = Q2) 
C= — ake LS 
In(r2/7r1) 
where 9, and O02 are the temperatures of the inner and outer surfaces 
of the cylinder, respectively. 


(2.11) 


*Exercise 2.5 


A copper pipe, of internal diameter 13mm and external diameter 15mm, 
carries hot water at a temperature of 80°C through a room at a temperature 
of 20°C. Assuming that the surfaces of the pipe have the same temperature 
as the temperature of the fluid with which they are in contact, predict the 
rate at which heat energy is conducted through the wall of a one-metre 
length of the pipe. 


Exercise 2.6 


(a) Show that the temperature O at a radius r inside the wall of the pipe 
discussed in this subsection can be modelled by 


_ onl = O05 ‘i 
O=0, in(ra/r) In (=) , (2.12) 


(b) For the pipe specified in Exercise 2.5, what is the temperature in the 
pipe wall at a radius of 7mm, according to the model? 
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Remember that q is constant 
and hence has the same value 
at every radius. 


Again, as Equation (2.11) 
involves a temperature 
difference, it can be used with 
either the Celsius or the 
absolute temperature scale. 


Note that we have specified 
the diameters of the pipe, 
rather than the radii. 


Section 2 Conduction 


End-of-section Exercises 


Exercise 2.7 


A glass window has an area of 2m? and a thickness of 4mm. The inside 
surface of the window has a temperature of 20°C and the outside surface a 
temperature of 10°C. Predict the rate of transfer of heat energy by conduc- 
tion through the window. 


Exercise 2.8 


A cylindrical tea-urn has an outside diameter of 350mm and a height of 
515mm. It has a circular lid and stands on a wooden table. It is made from 
stainless steel 3mm thick. It is required to estimate the rate of loss of heat 
energy from the tea-urn when it is full of water maintained at a temperature 
of 100°C (by means of a thermostatically controlled heating element) when 
the temperature of the surrounding air is 20°C. We assume that the inside 
surface of the tea-urn is at the temperature of the water it contains, and that 
the outside surface of the tea-urn is at the temperature of the surrounding 
air. 

(a) Estimate the rate of loss of heat energy by conduction through the 

cylindrical sides of the tea-urn. 


(b) Modelling the lid of the tea-urn as a uniform flat circular slab, estimate 
the rate of loss of heat energy by conduction through the lid of the 
tea-urn. 


(c) Assuming that there is a no significant loss of heat energy through the 
bottom of the tea-urn (as wood is a poor conductor of heat energy), use 
the results of (a) and (b) to estimate the total rate of loss of heat energy 
by conduction from the tea-urn. Comment on your answer. 


Exercise 2.9 


A storage vessel may be modelled as a hollow sphere of uniform material. 
The internal and external radii are r; and rg, respectively. The temperatures 
of the inner and outer spherical surfaces are QO; and Q2, respectively (where 
OQ, > @2), and the thermal conductivity of the material of the vessel is k. 


(a) Show that the steady-state heat transfer rate for conduction through The surface area of a sphere 


the wall of the vessel can be modelled by of radius r is 4rr?. 
i. 7)" 
q = 40K (= = =) (O; = O2). 
FL r2 


(b) Show that if the storage vessel is made of mild steel, and 0; = 20°C, 
Oy = 15°C and 7; = 0.1m, then without insulation the heat transfer 
rate for conduction through the wall of the vessel cannot be kept below 
395 W however large the outside radius 72 is made. 
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3 Convection and U-values 


In this section we continue the task of developing a model for the transfer 
of heat energy through a slab such as a solid wall, window or door, of given 
thickness, when we know the temperatures of the air on either side of the 
slab. In Section 2 we built up a model for the heat transfer through the slab 
by conduction. Here, in Subsections 3.1 and 3.2, we improve on that model 
by incorporating the effects of convection in the air in contact with the slab 
at both its surfaces. Subsection 3.3 shows how our model can be applied to 
pipes. We continue to assume a steady-state situation. 


3.1 A simple model of convection 


It was remarked in Subsection 2.3 that a model for heat transfer through a 
wall that incorporates only conduction in the wall, and assumes that there 
is a perfect transfer of heat energy between the surfaces of the wall and the 
surrounding air, does not compare very well with reality. In the case of a 
house wall, heat energy is transferred not only through the wall, but also 
from the warm air in the room to the wall, and from the wall to the cool 
air outside. There are, therefore, two regions where there is transfer of heat 
energy between a fluid (air) and a surface. In the case of a pipe containing 
hot water, the heat energy is transferred from the hot water inside to the 
cool air outside, and again there are two surfaces where a solid is in contact 
with a fluid (water—pipe and pipe—air) across which heat transfer takes place. 
In either case, since there is a fluid present, convection will play a major 
part in the heat transfer process. The purpose of our improved model is 
to incorporate not only the heat transfer due to conduction through the 
solid wall or pipe but also to allow for the effects of both free and forced 
convection in the fluids in contact with the wall or pipe. 


*Exercise 3.1 


The distinguishing feature of heat transfer by convection is fluid motion. 
Bearing this in mind, list the factors that you think are the most important 
in determining the rate of transfer of heat energy due to convection, between 
a fluid and a surface. 


Considered in detail, convection turns out to be a rather complicated matter, 
not at all easy to analyse. As you might expect, fluid mechanics plays a very 
important part in any thorough consideration of convection. Fortunately, in 
spite of this, it is possible to get some quite useful results based on a very 
simple description of the main features of convection, together with some of 
the practical experience that has been accumulated over the years. 


Figure 3.1 shows a solid—fluid boundary. We shall assume the heat transfer is 
taking place from the solid (say, a house wall) to the fluid (say, atmospheric 
air). This means the temperature of the surface of the wall, where it touches 
the air, must be higher than the air temperature at some distance from the 
house. The parts of the air near the wall are heated by conduction and 
radiation before they move away to join the main body of the air, being 
replaced by cooler air, which in turn is heated. The result is that the air 
very near the wall has a temperature higher than that of the main body of 
the air, which we will assume to be at a uniform temperature, referred to as 
its ambient temperature. The temperature drop between the wall and 
the main body of the air, which enables the transfer of heat energy to take 
place, occurs in a thin layer of the air quite near the surface of the wall. 
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The effects of radiation are 
considered in Section 4. 


This effect is very evident if 
you touch the outside surface 
of a pipe containing hot 
water! 


Section 3 Convection and U-values 


This is sketched in Figure 3.1, where QO, represents the surface temperature 
of the wall and @2 represents the ambient temperature of the main body of 
the air. 


The same general argument applies when the direction of the heat transfer 
is from the fluid to the solid — the temperature drop from fluid to solid 
again occurs in a thin layer of fluid immediately next to the surface of the 
solid. In this layer the fluid is giving up some of its heat energy to the solid, 
mainly by conduction. 


fluid (air) 


Furthermore, the same general arguments apply for convection at the sur- 
face between two fluids (e.g. the surface between the tea in a cup and the 


surrounding air). graph of temperature 


Although the detailed physical process of convection is quite complicated, 


. aie : ‘ 
we can make some simple qualitative observations. 


' : direction of transfer of heat ener; 
e If the temperature difference 0, — OQ 2 increases, then so does the mag- ad 


nitude of the rate of heat transfer (hotter surfaces lose heat energy at a 


Figure 3.1 
faster rate than do cooler surfaces). 


e If the temperature difference is zero, then the rate of heat transfer is 
also zero. 


e Ifthe temperature difference O; — QO» changes sign (so that the air is now 
hotter than the wall, for example), then the direction of heat transfer 
also changes (so that heat energy is now transferred from the air to the 
wall). 


These observations are consistent with the assumption that the rate of heat 
transfer by convection is proportional to the temperature difference. Fur- 
thermore, as we would expect the rate of heat transfer by convection to 
increase with the area of the surface, it is reasonable to assume that the 
rate of heat transfer is proportional to the surface area. These postulations 
lead to the following simple model of heat energy transfer by convection, 
commonly used by chemical engineers, architects and heating engineers. 


Steady-state heat transfer by convection 


If a fluid meets a surface, then the rate of heat transfer g between the 
surface and the fluid due to convection in the steady state is given by 


q = hA(@1 — @2), (3.1) As Equation (3.1) involves a 
: . on temperature difference, it can 
where A is the area of the surface and h is a positive constant called he used with either the 


the convective heat transfer coefficient. The temperature 0} is Celsius or the absolute 
the higher of the temperature of the surface of the substance and the temperature scale. 
ambient temperature of the fluid, and the temperature OQ is the lower 
of these two, so that O; > Ob. 


Equation (3.1) looks similar to Equation (2.7), which we used to model 
conduction through a slab, with h substituted for «/b. In fact, h is a different 
sort of coefficient, as it takes into account the geometry of the surface, the 
nature of the adjacent fluid, and the relative velocity between the fluid and 
the surface. Unlike Equation (2.7), Equation (3.1) is a suitable model for 
any surface, even if it is not flat. 


In SI units the convective heat transfer coefficient h is measured in watts 
per square metre per kelvin (Wm~? K~!). 
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*Exercise 3.2 


An electrically heated plate of area 0.04 m? dissipates heat by convection at 
a rate of 750 W to air at an ambient temperature of 20°C. If the surface 
of the plate has a constant temperature of 200°C, determine the convective 
heat transfer coefficient between the plate and the air. 


Table 3.1 gives an indication of the ranges of typical values of the convective 
heat transfer coefficient h for different conditions. Because h depends not 
only on the particular fluid but also on the fluid velocity, the dimensions 
and shape of the surface and the details of the fluid motion near the surface, 
it is not possible to give a table of exact values. 


Table 3.1 Ranges of values of the convective 
heat transfer coefficient 


Process Fluid Convective heat 
transfer coefficient h 
(Wm? K~4) 
Free convection Gas 2-25 
Liquid 50-1000 
Forced convection Gas 25-250 
Liquid 50-20 000 


Source: F. P. Incropera and D. P. de Witt (1990) 
Introduction to heat transfer, Wiley. 


As seen in Table 3.1, heat energy losses due to convection are significantly 
larger when the convection is forced than when the convection is free. This 
is why the ‘wind chill’ factor is so important in cold weather. Even when 
the air temperature is the same, a wind will result in significantly greater 
heat energy losses from the body. 


In this unit we shall mostly be concerned with convective heat transfer in air 
and water, and shall assume the values for the convective heat transfer coef- 
ficient given in Table 3.2. However, when using these values, it is important 
to remember that the actual value in a real situation may be considerably 
different. 


Table 3.2. Assumed values of the convective 
heat transfer coefficient 


Process Fluid Convective heat 
transfer coefficient h 
(W m7? K~4) 
Free convection Air 10 
Water 500 
Forced convection Air 150 
Water 1000 
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With temperature differences 
of this magnitude, radiation 
will also be an important 
mode of heat transfer. 


Section 3 Convection and U-values 


3.2 Heat loss through a wall: a second model 


We are now in a position to be able to construct a reasonably realistic model 
for the heat energy loss through a solid house wall, in the steady state, that 
incorporates the effects of conduction as well as convection. Our task is 
to find a relationship that gives the rate of heat energy loss gq in terms of 
the ambient temperature Oj, of the air inside the house and the ambient 
temperature Oout; of the air outside the house, where we shall assume that 6, 
Gin > Qointc 


Figure 3.2 shows part of the cross-section of a solid wall, together with a 
sketch of the temperature variation from the air inside to the air outside. 
Assuming that the wall is opaque to radiation (as most walls essentially 
are), the temperature drop 0; — @2 across the wall is exclusively due to 
conduction through the wall, and so, using Equation (2.7), the rate of heat 
transfer through the wall is 

KA(O, = Q2) 


—— (3.2) 


We shall assume that the temperature drop O2 — Oout between the outside Figure 3.2 
surface of the wall and the main body of air outside is principally due to 
convection. Hence, using Equation (3.1), the rate of heat transfer is 


inside 


outside 


rs 


direction of transfer of heat energy 


In fact, as you will see in 


=f. -Atv= @ 3.3 Section 4, radiation has a 
: ourA(O2 out)> (3:3) significant part to play here. 


where Aoyt is the convective heat transfer coefficient at the outside wall 
surface. Similarly, at the inside wall surface the rate of heat transfer is 


q= hi, A(Oin = 01), (3.4) 
where hj, is the convective heat transfer coefficient at the inside surface. 


Now, using an argument similar to that in Subsection 2.3, we can deduce 
that, in the steady state, the rate of heat transfer q takes the same constant 
value at each stage of the heat transfer process, given by Equations (3.2)— 
(3.4). Hence we can use these three equations to find a relationship between 
this constant value of gq and Oin and Oout, by eliminating O; and Og. This 
can be done by writing Equation (3.4) as 


Orn 0; Ahin ’ 


Equation (3.2) as 


=, 
0, — O02 = Ae 
and Equation (3.3) as 
q 
O2 - Oout = ——. 
2 out Alout 


Adding these three equations, we eliminate 0, and OQ, and obtain 


1 1 
Gin - Sou = 4 ( Tee ). 


A fin, K Ret 
Hence 
i & i\~ 
qd = (= + 1% + —) A(@in = Cait) = UA(Oin = Gout); (3.5) 
where 
i424 
u=(7-+2 +5] (3.6) 
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The coefficient U is usually referred to as the U-value for the wall. The 
U-value is the overall heat transfer coefficient for the wall and the surface 
effects combined, and Equation (3.5) gives the rate of heat transfer in terms 
of the overall temperature drop Oin — Oout- 


Steady-state heat transfer by conduction and convection 
through a uniform slab 


In the steady state, the rate of heat transfer g by conduction and con- 
vection through a slab of constant cross-sectional area A and thick- 
ness b, made of uniform material with thermal conductivity «, bounded 
on either side by a fluid, is given by 


g= VA(Gin — Con); (3.5) 


where Oj, and Oout (Gin > Qout) are the ambient temperatures at either 
side of the slab and 


tf &. 13> 
u=(_-+2+5-) - 


where Aj, and Aout are the convective heat transfer coefficients for the 
two surfaces of the slab. 


(3.6) 


*Exercise 3.3 


According to Equation (3.5), does q increase or decrease as A, Oin — Oout 
and Aout increase? Is this what you would expect intuitively? 


*Exercise 3.4 


The solid brick walls of a house are 210mm thick. The air inside the house 
is at an ambient temperature of 18°C, and the air outside is at an am- 
bient temperature of 10°C. The convective heat transfer coefficients are 
10Wm-?K~! for the inside and 150Wm~?K~! for the outside (as given 
in Table 3.2). 


(a) Calculate the U-value for the walls. 


(b) What, according to the steady-state conduction and convection model, 
is the heat transfer rate through the walls, per square metre of wall 
surface? Compare your answer with the one you obtained in the solution 
to Exercise 2.4(a). 


(c) What are the temperatures at the inside and outside surfaces of the 
walls? 


Calculations similar to those above can be performed for cavity walls. 
Figure 3.3 shows the structure of a typical exterior cavity wall of a mod- 
ern house in the UK. The wall is effectively made up of three layers — 
breeze-block, air and brick. The heat transfer through the layers of breeze- 
block and brick can be dealt with quite simply — it is almost entirely by 
conduction. The problem is the air in the gap between the brick and the 
breeze-block. Because air can circulate, convection plays an important part 
in heat transfer across the gap. It turns out that, for gaps up to about 15mm, 
the heat transfer by conduction and convection across the air gap can be 
modelled as though the air gap was a substance of thermal conductivity 
k = 0.0241 Wm! K~!, ie. by using Equation (2.7) 
KA(O, = Q2) 

= 
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In the technical literature, 
you may see 
1 1 b 1 


R=—== 
Nout 


U hin K * 
referred to as the thermal 
resistance or R-value of the 
wall. It is called the thermal 
resistance because an increase 
in the value of R results in a 
decrease in the rate of heat 
energy transfer q. (There are 
strong analogies with 
resistances in the theory of 
electrical circuits.) 


The SI units of U are the 
same as those of the 
convective heat transfer 
coefficient h, namely 
Wm? K7!, 


This exercise extends 
Exercise 2.4 to include the 
effects of convection. 


breeze-blocks bricks 


inside 
outside 


air gap 
Figure 3.3 


In reality, most of the heat 
transfer across the gap is by 
radiation. This is considered 
in Section 4. 
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where 6 is the thickness of the gap. If the air gap is more than 15mm, the 
heat transfer by conduction and convection is almost independent of the 
thickness of the gap, and so is better modelled by 


q = h,A(@1 — Oa), (3.7) 


where h. is a combined heat transfer coefficient, which takes into account 
both conduction and convection, whose value is about 1.75 Wm? K~!. 


Steady-state heat transfer by conduction and convection 
across an air gap 


The rate of heat transfer gq across an air gap of constant cross-sectional 
area A in the steady state can be modelled for gaps of up to about 
15mm in width by 


qg= ——— (2.7) 


where « = 0.0241 Wm! K~! and b is the thickness of the gap. For 
gaps wider than about 15mm, a better steady-state model is 
q = h,A(@1 — 92), (3.7) 


where h, = 1.75Wm-?K~! is the combined heat transfer coef- 
ficient. In both cases 0; and Op» are the temperatures of the surfaces 
at either side of the air gap, with 0; > Oo. 


Example 3.1 


Find an algebraic formula for the U-value for heat transfer by conduction a ee 
and convection through a double-glazed window where each pane has thick- | | | | 
ness 6 and surface area A, and the air gap between the panes has width w 

(w < 15mm), as shown in Figure 3.4. Write down the corresponding formula 

for steady-state heat transfer. e, —, 


Solution e, 


The rate of heat transfer by convection at the inside and outside of the 
double-glazed unit, using Equation (3.1), is 


q= hin A(Oin = 01) and q= Rout A(O4 a Cou) ods 


in out 


where the temperatures are as shown in Figure 3.4, and Aix and Aout are the 
convective heat transfer coefficients for the inside and outside surfaces. 


Using Equation (2.7), the rate of heat transfer by conduction through the 


: glass glass 
panes 1S 


A(@; — 9 ,A(@3 — O F 

KgA(Oi1— 62) ig a (O3 4) sisson 
b b 

where the temperatures are as shown in Figure 3.4, and Kg is the thermal Figure 3.4 

conductivity of the glass. 


q= 


Since the width of the air gap is w < 15mm, the rate of heat transfer through 
the air gap, using Equation (2.7), is 
_ KaA(O2 — 93) 


’ 
W 


where the temperatures are as shown in Figure 3.4 and Ka is the ‘thermal 
conductivity’ of the air gap. 
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We can rewrite these equations as follows: 


On- A= 5G 
0, - O= 5 
@.-O3=— 7, 
@s- = 2, 
04 — ou = 5 


Since, in the steady state, g takes the same constant value at each stage of 
the heat transfer process, adding these equations together gives 


_gfi , 8 w b 1 
Pin — Sout = A ( ae te =) 


Hence the U-value for heat transfer by conduction and convection through 
the double-glazed window is 


1 »b b i 44> 
v= ( ee ee ) 
hes Ke Ka Kg Rout 


The corresponding rate of heat transfer is 


q¢= UA(Oin = Pag) oO 


*Exercise 3.5 


The walls of a house are cavity walls consisting of two layers of brick 105 mm 
thick separated by an air gap of 30mm. The ambient temperatures inside 
and outside the house are 18°C and 10°C respectively. What, according to 
the steady-state conduction and convection model, is the heat transfer rate 
per square metre of wall surface? Compare your answer with the one you 
obtained for a solid wall in the solution to Exercise 2.4(a). 


For a real house wall we would also need to consider, for example, the layer 
of plaster on the inside of the wall and the surface decoration layer (paint 
or wallpaper). Other parts of a house are equally complex: for example, 
from the ceiling of an upstairs bedroom to the outside there is usually a 
layer of plasterboard, a mixed layer of wood and fibreglass, a large air layer, 
another mixed layer of wood and felt, and finally a layer of slates or tiles. 
Combining the heat transfers through all these layers is a daunting task. 
Fortunately, these sorts of calculations are required so regularly that tables 
of the U-values of common building elements are published (see Table 3.3). 


*Exercise 3.6 


Calculate the rate of heat transfer through a pitched felted roof with 100 mm 
of insulation and of ceiling area 50 m? if the inside temperature is 20°C and 
the outside temperature is 6°C. 


As you can see from Table 3.3, the effect of insulating an element of a house 
is to decrease its U-value. A lower U-value results in a lower rate of heat 
energy loss and so lower heating bills. However, each progressive increase 
in the thickness of insulation has a smaller effect on the overall U-value and 
hence on the saving on heating bills. 
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Table 3.3 U-values of common building elements 


Building element U-value (W m~? K-*) 
Walls 

Solid brick 2.1 
Brick—breeze-block cavity (unfilled) 1.0 
Brick—breeze-block cavity (filled) 0.6 
Floors 

Solid concrete 0.8 
Suspended timber 0.7 
Either of above with 50mm polystyrene 0.5 
Roof 

Pitched with felt, no insulation 2.0 
Pitched with felt, 50mm insulation 0.6 
Pitched with felt, 100mm insulation 0.3 
Flat roof, 25mm insulation 0.9 
Flat roof, 50mm insulation 0.7 
Windows 

Wooden frame, single-glazed 5.0 
Wooden frame, double-glazed 2.9 
Metal frame, single-glazed 5.8 
Metal frame, double-glazed Bi 
Doors 

Solid wood 2.4 


Source: T102, Block 1: Heat, Table 3. 


3.3 Convection and conduction through a pipe 


U-values apply only to things that can be modelled as slabs. They cannot be 
used, for example, for cylindrical pipes because of the varying area across 


which heat energy transfer takes place. However, a model equivalent to 


Equation (3.5) can be derived for such pipes. 


Figure 3.5 


Consider the cylindrical pipe shown in Figure 3.5. Equation (3.1) for heat 
transfer by convection at the inner and outer surfaces gives 


g=Irhipril(Om—O,) and gq = 2mhowrel(Oo — Cou), 


where hin and Noy, are the convective heat transfer coefficients at the inside 
and outside surfaces of the pipe, 0, and @2 are the temperatures of the 
inside and outside surfaces of the pipe, and Oj, and Ooy; are the ambient 
temperatures inside and outside the pipe (with Oin > Oout)- 


Tables of U-values such as 
this, which are used by 
designers of buildings, 
incorporate the effects of 
radiation as well as 
conduction and convection. 


For pitched roofs, the area A 
in Equation (3.5) is the area 

of the ceiling, rather than the 
area of the roof. 
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The heat transfer by conduction through the pipe wall is given by Equa- 
tion (2.11) as 


_ 2rKl(O, = Q2) 


In(r2/r1) , 
where & is the thermal conductivity of the pipe. Hence 
_ qd 
On — G1 = Qrhinril’ 
] 
6, — Gy = Lira!) 
27K 
O02 — Oout = —— 
27NoutTal 


Since, in the steady state, q takes the same constant value at each stage of 
the heat transfer process, adding these three equations we eliminate O, and 
OQ» to obtain 


qa {1 1. (rm 1 
Cin = Oou oS : 
a 271 (— K e (2) —) 


1 1 ro 7 + 
= 2 ] in —~ “out)> . 
See C= ¥ ko (2) " —s) 2 Oout) ney 


Steady-state heat transfer by conduction and convection 
through a uniform cylinder 


In the steady state the rate of heat transfer g by conduction and con- 
vection through a cylinder of inner radius r;, outer radius rg and length 
1, made of uniform material with thermal conductivity «, bounded on 
either side by a fluid, is given by 


i. Ly fms tA 
q= 2rl h, rs + In + hy (Oin _ Gis), (3.8) 


K ry out!’2 


where fin and hoy, are the convective heat transfer coefficients at the 
inside and outside surfaces of the cylinder, and O;, and Ooy; are the am- 
bient temperatures inside and outside the cylinder (with Oi, > Oout). 


*Exercise 3.7 


A copper pipe, of internal diameter 13mm and external diameter 15mm, 
carries hot water at an ambient temperature of 80°C through a room at an 
ambient temperature of 20°C. The convective heat transfer coefficients are 
10Wm~?K~! at the outside surface of the pipe and 1000 W m~? K~! at the 
inside surface. 


Predict the steady-state rate of heat transfer by conduction and convection 
through a one-metre length of the pipe. Compare your answer with the one 
you obtained in the solution to Exercise 2.5. 
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We considered this problem 
previously in Exercise 2.5, 
but neglected the effects of 
convection there. 


Section 3 Convection and U-values 


End-of-section Exercises 


Exercise 3.8 


A glass window has an area of 2m? and a thickness of 4mm. The ambient 
temperature inside the window is 20°C and outside is 10°C. The convec- 
tive heat transfer coefficients are 10 Wm? K7! for the inside surface of the 
window and 150 Wm? K~! for the outside surface. 


(a) Calculate the U-value for the window. 


(b) What, according to the steady-state conduction and convection model, 
is the rate of heat energy loss through the window? Compare your 
answer with the one you obtained in the solution to Exercise 2.7. 


(c) What are the temperatures at the two glass surfaces? 


Exercise 3.9 


The window in Exercise 3.8 is replaced by a double-glazed unit, where each 
pane of glass is 4mm thick and the air gap is 20mm wide. The combined 
heat. transfer coefficient for the air gap is 1.75 Wm? k7!. 


(a) Calculate the U-value for the window. 


(b) What, according to the steady-state conduction and convection model, 
is the rate of heat energy loss through the window? Compare your 
answer with the one you obtained in the solution to Exercise 3.8(b). 


Exercise 3.10 


In this exercise you are asked to investigate the effects of lagging a cylindri- 
cal pipe. Consider a length / of cylindrical pipe, of internal radius r; and 
external radius r2, constructed from a material with thermal conductivity 
k. Suppose that the ambient temperatures inside and outside the pipe are 
Oin and Oout (where Oin > Oout) and that the convective heat transfer co- 
efficients at the inside and outside surfaces of the pipe are hin, and Nout. 
The pipe is to be fitted with a uniform thickness of lagging, whose thermal 
conductivity is Kjag, so that the external radius of the lagged pipe is r3. 


(a) Show that the rate of heat transfer by conduction and convection through 
the lagged pipe can be modelled in the steady state by 


1 1 T2 1 rs 1 om 
gq = 2rl + —In + In + (Oin — Oout)- 
hint) ry Klag re Nout T3 


(b) What, according to the steady-state conduction and convection model, 
is the rate of heat transfer through an unlagged pipe for which 1 = 1m, 
ry = 0.004m, ro = 0.005m, k = 50Wm!K™!, hin = 1000 Wm? K7! 
and Aout = 10 Wm? K~! when it contains a hot liquid whose ambient 
temperature is Oj, = 50°C, the ambient temperature of the air outside 
being Oout = 20°C ? 

(c) The pipe is lagged using a material for which Kjag = 0.1 Wm! K7!. 
By using the model in part (a) to predict the rates of heat energy loss 
from the lagged pipe in two cases, first when the thickness of lagging 
is such that r3 = 0.02m and then r3 = 0.03m, show that, according to 
the models, the rate of heat energy loss from a cylindrical pipe can be 
increased, as well as decreased, by lagging. 


(d) Estimate the thickness of lagging for which the rate of heat energy loss 
from the pipe is a maximum. 
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4 Radiation 


So far in this unit we have concentrated on modelling heat transfer by con- 
duction and convection. In this last section we shall briefly discuss the third 
mode of heat transfer, radiation. 


4.1 Modelling radiation 


The nature of radiation 


Consider a substance enclosed in a vacuum and at a higher temperature 
than its surroundings. An example of this is a hot liquid in a vacuum 
flask. Experience tells us that the substance eventually cools until its tem- 
perature is the same as its surroundings. As the substance is enclosed 
in a vacuum, the transfer of heat energy cannot be due to conduction or 
convection. The mode of heat transfer in this case is (thermal) radia- 
tion. As was mentioned in Subsection 1.2, radiation occurs from all sub- 
stances, whether solid, liquid or gas. If you are indoors, heat energy is being 
radiated by everything that surrounds you: the walls, the floor, the ceiling, 
the furniture and even the air. At the same time you are yourself emitting 
radiative energy to your surroundings. 


Radiation is caused by changes in the configuration of the electrons in the 
atoms or molecules of a substance. It is transported from one substance 
to another by electromagnetic waves. In the spectrum of electromagnetic 
waves, the wavelengths of thermal radiation extend from approximately 0.1 
to 100 um, including the infrared part, the visible part and some of the 
ultraviolet part of the spectrum, as Figure 4.1 illustrates. 


visible 
3 3 
ia 
x infrared 
| -rays 
, | ultraviolet 
gamma rays : microwave 
thermal radiation 
] 
10> 10+ 10° 10° 107! 1 10 10° 103 10+ 


wavelength (um) 


Figure 4.1 Spectrum of electromagnetic radiation 


Emission of radiation 


The amount of radiation emitted by a surface depends on the temperature 
of the surface and the nature of the surface. A good model of the rate of 
emission of radiation from a surface is the following. 
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lym = 1 x 10~°m (where pm 
stands for ‘micrometre’). 


Rate of emission of radiation 
The rate of emission qg of radiation from a surface of area A is 
q = «oA, (4.1) 


where ¢ is the emissivity of the surface (0 < ¢ < 1), a is the Stefan— 
Boltzmann constant, whose value is 5.670 x 10°? Wm? K~4, and 
O is the absolute temperature of the surface, measured in kelvins. 


The emissivity of a surface is a dimensionless quantity that varies widely 
with the nature of the surface: it is close to 0 for highly polished surfaces 
(which is why the surfaces in a vacuum flask which face each other across 
the vacuum space are silvered) and close to 1 for matt surfaces. When « = 1, 
we have the maximum possible rate of emission of radiation, and a surface 
with emissivity 1 is called a black-body. However, in reality, no surface is a 
perfect black-body (though some surfaces are good approximations to one). 
So, in practice, all surfaces have « < 1; such a surface is called a grey-body. 


*Exercise 4.1 


A 2kW electric fire is to be constructed using a cylindrical element of di- 
ameter 10mm and length 0.3m. Assume that the principal mode of heat 
transfer is radiation, that the surroundings are at a sufficiently low tem- 
perature so that the radiation from the surroundings to the element can be 
ignored, and that the element radiates as a black-body. Predict the temper- 
ature of the element. 


Absorption, reflection and transmission of radiation 


When radiation falls on the surface of a substance, some is absorbed by 
the substance, some is reflected back into the surroundings and some is 
transmitted through the substance. Many solids are opaque to radiation, in 
that they do not transmit radiation, and so we can neglect the transmission 
of radiation when we consider the radiation falling on the surface of an 
opaque solid. This means that if, for example, 80% of the radiation falling 
on a solid surface is absorbed, then 20% is reflected and none is transmitted. 
The proportion of the radiation falling on a surface that is absorbed is called 
the absorptivity of the surface. It can be shown that the absorptivity of 
a surface is equal to its emissivity — this result is called Kirchoff’s law. 
This means that there is one coefficient, the emissivity, that characterizes 
the emission, the absorption and the reflection of radiation. 


Rate of absorption of radiation 


The rate of absorption q of radiation by an opaque surface is well 
modelled by 


q =e X total radiation falling on the surface, 


where ¢€ is the emissivity of the surface. 


Section 4 Radiation 


Notice that the rate of 
emission of radiation depends 
on the absolute temperature 
of the surface and not on a 
temperature difference. 


When ¢ = 1, Equation (4.1) is 
often referred to as the 
Stefan—Boltzmann law. 


Since a black-body has 
emissivity 1, it absorbs all 
radiation falling on it and 
reflects none. 
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Exchange of radiation 


Any substance not only emits radiation to its surroundings but also absorbs 
it from the surroundings: in other words, there is an exchange of radiation. 
The exchange of radiation between two surfaces depends on the geometry 
of the surfaces as well as their nature. This is because the radiation from a 
surface is emitted in all directions and, in general, only a proportion of this 
will fall on the other surface, as illustrated in Figure 4.2. 


Even for a geometrically simple situation such as two parallel infinite flat 
surfaces, where all the radiation emitted by one surface falls on the second 
surface, the situation is complicated by the fact that not all the radiation 
falling on the second surface is absorbed: some of it is reflected. In its turn 
this reflected radiation falls on the first surface where, in its turn, it is both 
absorbed and reflected. This process of absorption and reflection at the two 
surfaces continues, decreasing in intensity at each successive reflection (as 
illustrated diagrammatically in Figure 4.3). 


plate 1 plate 2 


radiation absorbed 


by plate 2 


radiation absorbed 


by plate 1 


Figure 4.3 


Similarly, the radiation initially emitted from the second surface is reflected 
backwards and forwards across the gap, with a proportion of the radiation 
being absorbed every time it falls on a surface. If the two surfaces have 
emissivities (and absorptivities) ¢1, €2 and temperatures 0, O2 respectively, 
the net rate of transfer of radiation per unit area from surface 1 to surface 2 


(4.2) 
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Figure 4.2 


This situation could model 
the gap in a cavity wall. 


You are not expected to be 
able to derive this expression 
for yourself (although it only 
involves summing an infinite 
geometric series). 


*Exercise 4.2 


(a) Predict the rate of transfer of radiation, per square metre, through the 
cavity between two parallel brick walls whose surface temperatures are 
25°C and 5°C, given that the emissivity of a brick surface is 0.9. 


(b) A radiation shield, consisting of a thin polished aluminium sheet of 
emissivity 0.05, is inserted in the cavity between the two walls. The sheet 
is sufficiently thin so that you can assume that the temperatures on its 
two surfaces are the same. Also, in the steady state, the temperature of 
the sheet is constant and the rate of heat transfer is the same at either 
side of the sheet. Assuming that radiation is the only mode of heat 
transfer, estimate the temperature of the aluminium radiation shield 
and the rate of transfer of radiation, per square metre, between the two 
brick walls. 


4.2 Combined modes of heat transfer and U-values 


In Subsection 3.2 we considered how to calculate the rate of transfer of 
heat energy, in the steady state, when both conduction and convection are 
involved. These estimates were simple to calculate, because the rate of 
heat transfer for both these modes is proportional to the temperature dif- 
ference. However, the rate of transfer of heat energy by radiation involves 
the fourth power of the (absolute) temperature, which makes the calculation 
of combined heat transfers involving radiation more difficult. Indeed, heat 
transfer problems that incorporate radiation usually involve solving quartic 
equations. However, when small temperature differences are involved, it is 
possible to approximate these quartic equations by linear equations. For 
example, consider Equation (4.2). We have 


gq = (e;' +e' —1)eA(O{ — O$) 
= (ej! +eg' — 1) c A(O{ + 05)(67 — 95) 
= (ej' +e7' —1) 1c A(O? + 63) (O1 + O2)(O1 — O2) 
= hraa A(O1 — O2), 
where 
Arad = (€7! t+ €g1 — 1)710(O1 + O2)(O? + 02). 


The price we have to pay for this simplification is that the coefficient hyaq 
is now dependent on the temperatures involved. However, if only small 
temperature differences are involved, we can use an average temperature, 
such as Omean = 3(O1 + @2), instead of O; and Q2 in order to calculate an 
approximate value for hyaq. The resulting approximation for Equation (4.2) 
is 


q ~ hraa A(O1 — O2), (4.3) 
where Iraq = A(e;! + a" —1)-'e O8 ean and Omean = $(O1 + @2). 


*Exercise 4.3 
Compare the results obtained by using Equation (4.2) and its linear approxi- 
mation given by Equation (4.3), for Q@2 = 10°C, when 9; = 15, 20, 30, 40, 
60, 80 and 100°C. 


Section 4 Radiation 


You need to use absolute 
temperatures when using 
Equations (4.2) and (4.3). 
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It is the linear approximation given by Equation (4.3) that is used in tables 
of U-values, such as Table 3.3, which incorporate the effects of conduction, 
convection and radiation. 


End-of-section Exercises 


Exercise 4.4 


The surface of a spaceship has an emissivity of 0.1 and a temperature of 5°C. 
Assuming that the temperature of space is 0K and that space is essentially 
a vacuum, so that no conduction or convection is possible, predict the rate 
of loss of heat energy per unit area from the surface of the spaceship. 


*Exercise 4.5 


The gap in a cavity wall is 30mm wide. The two surfaces bordering the gap 
both have emissivity 0.9. One surface has a constant temperature of 5°C 
and the other a constant temperature of 15°C. 


(a) Predict the steady-state rate of heat transfer, by all appropriate modes, 
per unit area, when the gap is filled with air. 


(b) Predict the rate of heat transfer, by all appropriate modes, per unit 
area, when the gap is filled with a foam which has thermal conductivity 
0.026 Wm! K~!. Assume that no radiation is transmitted through the 
foam. 


Outcomes 


After studying this unit you should be able to: 
e understand the relationship between heat energy and temperature; 


e identify when the three modes of heat transfer, namely conduction, con- 
vection and radiation, are relevant; 


e apply simple models for conduction, convection and radiation, either 
singly or in combination, to steady-state situations. 
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Solutions to the exercises 


Section 1 


1.1 (a) From Table 1.1, for water c = 4190 Jke~1 K~?, 
so from Equation (1.1) we have 
E> = Fy = mc(@z _ 01) = 2 x 4190 x (80 _ 20) 
= 502 800 J, 

i.e. the model predicts that there is an increase in heat 
energy of 5.028 x 10° J. 

(Note that as Equation (1.1) involves a temperature dif- 
ference, we can use the Celsius scale for temperature, 
rather than the absolute scale.) 


(b) The element produces heat energy at a rate of 
2000 Js~!. Thus the time to produce 5.028 x 10° J is 
5.028 x 10° 
ee = 251.4 seconds 
~ 4 minutes 11 seconds. 


(c) Some of the electrical energy is used to heat the 
kettle itself, and some is used to heat the air surround- 
ing the kettle. The rate at which electrical energy is 
used to heat the water is therefore less than that which 
was assumed in part (b), so the time obtained is an 
underestimate. 


1.2 The modes of transfer of heat energy involved are: 

(a) natural convection from the hot tea to the inside 
surface of the cup; 

(b) conduction through the cup; 

(c) conduction through the table from the bottom sur- 
face of the cup; 

(d) natural convection from the hot tea to the top sur- 
face of the tea; 


(e) natural convection from the outer curved surface of 
the cup, from the surfaces of the table and from the 
top surface of the tea to the surrounding air; 


(f) radiation from the outer curved surface of the cup, 
from the surfaces of the table and from the top sur- 
face of the tea to the surroundings; 

(g) radiation from the surroundings to the outer curved 
surface of the cup, the surfaces of the table and the 
top surface of the tea. 


We have ignored the heat transfer between the bottoms 
of the table legs and the floor! 


1.3 From Table 1.1, the specific heat capacity of wa- 
ter is c= 4190 Jkg~! K~1, so the heat energy required 
to increase the temperature of the water from 15°C to 
60°C is 

Ey — Ey = mc(@2 — 0) = 100 x 4190 x (60 — 15) 

= 16895 2 10" J, 

The power rating of the heater is 3000 W, so the time 
to produce 1.8855 x 107 J is 

1.8855 x 10” 


= 2 5 
3000 6285 seconds 


~ 1 hour 45 minutes. 


Solutions to the exercises 


So the time taken to heat the water is predicted to be 
about 13 hours. 


We have ignored the heat energy required to heat the 
material of the tank itself and the heat losses to the 
surroundings. Both of these factors will increase the 
estimate of the time. However, if the tank is well insu- 
lated, the answer is probably close to the actual time 
needed to heat the water. 


1.4 The mass of the air in the room is 40 x 1.293 = 
51.72kg. From Table 1.1, the specific heat capacity of 
air is 993 Jke~!K~1, so Equation (1.1) predicts that 
the heat energy required to heat the air from 0°C to 
20°C is 
Ey — Ey = mc(@2 — 91) = 51.72 x 993 x 20 
=10e7 4 10" J, 

In order to achieve this in 30 minutes, the minimum 
rating of the heater must be 


1.027 x 10° 
——— = 570.6 W. 
30 x 60 
So we would require a heater that is rated at just over 
kW. 
2 


As we have neglected the heat energy required to heat 
the walls, doors, windows, floor and ceiling of the room, 
as well as the heat losses to the surroundings, this 
answer is likely to be a gross underestimate. (In re- 
ality, for a non-empty room, we would have to consider 
the heating of the furniture, and so on, too.) 


Section 2 


2.1 My list is: 

(a) the thickness of the slab; 

b) the surface area of the slab; 

c) the material from which the slab is made; 
d 


) the temperature on the inside surface of the slab; 


( 
( 
( 
(e) the temperature on the outside surface of the slab. 
As the thickness of the slab increases, I would expect 
the rate of heat energy loss to decrease. However, I 
would expect the rate of heat energy loss to increase as 
the surface area increases. Indeed, symmetry suggests 
to me that the rate of heat energy loss is likely to be 
proportional to the surface area: if we double the sur- 
face area, I would expect the rate of heat energy loss 
also to double. Some materials, such as copper, are 
good conductors of heat energy, and slabs constructed 
from these materials will have high rates of heat energy 
loss; other materials, such as polystyrene foam, are bad 
conductors of heat energy, and slabs constructed from 
these materials will have low rates of heat energy loss. 
Finally, I would expect the rate of heat energy loss to 
depend on the temperature difference across the slab, 
rather than on the actual temperatures on the surfaces, 
and I would expect any increase in the temperature dif- 
ference to result in an increase in the rate of heat energy 
loss. 
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2.2 Heat energy is transferred from regions of higher 
temperature to those of lower temperature. As the tem- 
perature is a function of the coordinate x and not y 
or z, ie. O = O(a), the direction of the transfer must 
be parallel to the z-axis. As O(0) > O(b), the direction 
of transfer of heat energy must be parallel to the x-axis 
in the direction of positive x. 


2.3 Equation (2.7) expresses the rate of heat energy 
loss q in terms of the thickness b of the slab, the sur- 
face area A of the slab, the thermal conductivity « of 
the slab (which depends on the material from which 
the slab is made), and the temperatures 0, and O2 of 
the inside and outside surfaces of the slab. These are 
exactly the five factors listed in Solution 2.1. 


The rate of transfer of heat energy increases as A 
and ©, — @» increase, but decreases as b increases, as 
predicted in Solution 2.1. (Also note that q is directly 
proportional to A, as expected, and to 0; — Qg, and is 
inversely proportional to b.) 


2.4 (a) From Table 2.1, « = 0.6Wm-!K~?!.  Sub- 
stituting this and the values 0; = 18°C, O2 = 10°C, 
b = 0.21 m into Equation (2.7), we have 


qd _ K(O1 = Q2) 
A b 
_ 0.6 x (18 — 10) 
a 0.21 
= 22.836 Wm”. 


So the rate of heat transfer by conduction per square 
metre of wall surface is 22.86 Wm7?. 


(b) The temperature gradient is given by Equa- 
tion (2.9). Since this involves a temperature difference, 
we can use the temperatures in degrees Celsius. So with 
0, = 18°C, Og = 10°C and b = 0.21 m, we have 


dO 0, — O@4 
dx b 

_ 18-10 

~ 0.21 

= —38.10Km7!. 


So the temperature gradient is —38.10Km7!. 


(c) We can employ Equation (2.8) in order to deter- 
mine the temperature at a point. If we use SI units, 
we have 0; = 291.2K, Oo = 283.2K, b = 0.21m and 
x = 0.05m, so the temperature at 7 = 0.05 m is 


0, — Og 


O=0,- —>_ 2 
291.2 — 283.2 
= 291.2 — ——___—_—_ ; 
9 0.21 x 0.05 
= 289.30 K. 


So, in degrees Celsius, the temperature 50 mm from the 
inside surface is 16.10°C. 


(Note that the same result is obtained by using degrees 
Celsius rather than kelvins as the unit of temperature.) 
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2.5 Using Equation (2.11) with r, = 0.0065m, 
rg = 0.0075m, 0, = 80°C, Og = 20°C, 1 = 1m and 
« = 385Wm!K~! (from Table 2.1), we obtain 
_ 2mKl(O1 — O2) 
_— In(r2/7r1) 

_ 2m x 385 x 1 x (80 — 20) 

In(0.0075/0.0065) 
= 1.014 x 10° W. 


Thus the rate of heat transfer by conduction through 
the wall of a one-metre length of the pipe is predicted 
to be 1014kW. 


(Note that the assumption that the outer surface of the 
pipe is at the same temperature as the air in the room 
is clearly not reasonable — just try touching the hot- 
water pipes in your home! An improved model, which 
disposes of this assumption by taking into account the 
effects of convection, is considered in the next section.) 


2.6 (a) By Equation (2.11), the rate of heat transfer 
by conduction through the pipe wall is modelled as 
_ 27K (O, = OQ2) 
~ — In(re/ri) 
However, Equation (2.11) also applies to that part of 
the pipe wall lying between radius 7; and radius r, so 
_ 2nKl(O; — O) 
~— In(r/r) 
Equating these two expressions for g, we obtain 
G-@ 61 -@ 
In(r/ri) — In(r2/r1) 
Rearranging this equation, we obtain 


OC; = Oo if r 
In(r2/r1) ry). 


(b) Using the expression for O derived in part (a), the 
temperature at radius r = 0.007 m is 
353.2 — 293.2 0.007 

In(0.0075 /0.0065) . (saas 

= 322.13 K. 
So the temperature at a radius of 7mm in the pipe is 
predicted to be 322.13 K, or 48.93°C. 
(Note that the temperature does not depend linearly on 
the radius. Note also that the same result is obtained 
if the Celsius rather than the absolute scale is used in 
evaluating O.) 


e=0; 


O = 353.2 


2.7 Using Equation (2.7) with « = 1.0Wm kK"! 
(from Table 2.1), A = 2m?, @; = 20°C, Og = 10°C and 
b = 0.004 m, we have 

-_ KA(O, = O2) 

— b 

1.0 x 2 x (20 — 10) 
0.004 
= 5000 W. 


So the rate of transfer of heat energy by conduction 
through the window is 5000 W. 


2.8 We denote the variables and parameters by the 
symbols given in the following table. 


Quantity Symbol 
Inner radius of tea-urn ry 
Outer radius of tea-urn rg 
Height of tea-urn h 
Thickness of sides and lid of tea-urn b 
Thermal conductivity of stainless steel K 
Temperature at inner surface of tea-urn O71 
Temperature at outer surface of tea-urn O2 
Rate of loss of heat energy through 

cylindrical sides of tea-urn nn 
Rate of loss of heat energy through 

lid of tea-urn q2 
Total rate of loss of heat energy 

from tea-urn q 


From the data given in the question and Table 2.1, 
ry = 0.172m, ro = 0.175m, h = 0.515m, b = 0.003 m, 
« =150Wm?K~!, 0; = 100°C and 2 = 20°C. 


(a) Using Equation (2.11), the rate of transfer of heat 
energy by conduction through the cylindrical sides of 
the tea-urn is estimated to be 
_ 2nrKh(O; = OQ2) 
1 Tn(ra/ri) 
27 x 150 x 0.515 x (100 — 20) 
In(0.175/0.172) 
= 2.246 x 10° W. 


(b) Using Equation (2.7), the rate of loss of heat en- 
ergy by conduction through the lid is estimated to be 
K(mr?)(O1 — O2) 
b 
150 x m x 0.172? x (100 — 20) 
0.003 
= 3.718 x 10° W. 


(We use 7; rather than rg because only the part of the 


lid in contact with the water is the part inside the cylin- 
der.) 


(c) Assuming that there is no loss of heat energy 
through the base of the tea-urn, the total rate of loss of 
heat energy by conduction from the tea-urn is estimated 
to be 


q=41 +42 = 2.617 x 10° W, 


i.e. the total rate of loss of heat energy by conduction 
from the tea-urn is estimated to be 2617kW. 


A typical tea-urn has a 3kW heating element. If this 
estimate were correct, it would mean that water heated 
in a tea-urn would never boil, as the predicted rate of 
heat energy loss far exceeds the rate of heat energy sup- 
plied by the element. The reason for this discrepancy is 
the incorrect assumption that the temperatures of the 
surfaces of the tea-urn are the same as the temperatures 
of the fluids with which they are in contact. 


Solutions to the exercises 


2.9 (a) The temperature at any point in the wall is 
determined solely by its distance from the centre of the 
sphere and the heat transfer from the inside to the out- 
side of the sphere takes place radially. Hence the tem- 
perature gradient in the steady state is dQ/dr, where 
O is the temperature at a point whose distance from 
the centre of the sphere is r. Using Equation (2.2) (the 
general form of Fourier’s law), the rate of heat trans- 
fer by conduction through the entire spherical area at 
distance r from the centre is 


= —K& x 4nr? x —. 
q kX 4ar ar 
Hence 
dO _ q | q 1 
dr 4nwr2 Arr? 


In the steady state, q is a constant, so this equation 
can be solved by direct integration to give the general 
solution 


where C is a constant. 


Thus, since O = 90; when r =r, and O = Og when 
r =T12, we have 


QO, = —+C, Og =—— 42, 


(b) As rz increases, the heat transfer rate derived in 
part (a) decreases, to a limiting value of 


-1 

1 

4K (=) (0, — O2) = 4rKr1(O1 — O2). 
1 

For the given data (and taking « for mild steel to be 

63 Wm! K~!, from Table 2.1), this gives a heat trans- 


fer rate of 395.8 W. Thus the heat transfer rate for 
conduction cannot be kept below 395 W. 


Section 3 


3.1 My list is: 

(a) the area of the surface; 

(b) the shape of the surface; 

(c) the temperature of the surface; 
(d) the temperature of the fluid; 
(e) the nature of the fluid motion; 
(f) 


the thermal properties of the fluid (e.g. its specific 
heat and its thermal conductivity); 


(g) the mechanical properties of the fluid (e.g. its den- 
sity and its viscosity). 
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3.2 From Equation (3.1), 
q 750 
A(@1—@2) (0.04 x (200 — 20) 
= 104.2Wm?K"!. 


h= 


3.3 According to Equation (3.5), the rate of transfer 
of heat energy q is directly proportional to the surface 
area A of the slab and to the overall temperature dif- 
ference Oj, — Oouz- So as A and Ojn — Oout increase, 
so does gq, which is what one would expect intuitively. 
As Aout increases, ae decreases, so U~! decreases and 
U increases. Hence, as hou increases, Equation (3.5) 
predicts that q also increases. One situation when 
Aout increases is when a calm day turns into a windy 
day; in such a situation, the rate of heat energy loss 
from a house through the walls increases. So Equa- 
tion (3.5) predicts the behaviour that one would expect 
intuitively. 


3.4 (a) From Equation (3.6), and using Table 2.1, 


at as A aoe 4 od S 
iis ” 6 Rous ~ \10 (0.6 «150 
= 2.190Wm~?K"?, 
(This calculated U-value agrees surprisingly well with 
the experimental value of about 2.1Wm-?K~!, even 
though we have ignored any effects due to radiation and 


there are uncertainties in the values of the convective 
heat transfer coefficients. ) 


(b) Using Equation (3.5), we have 


= = U(@in — @out) = 2.190 x (18 — 10) 


= 17.52Wm?. 


Thus the model predicts that the rate of heat trans- 
fer per square metre of wall surface when convection is 
taken into account is 17.52 Wm7?, compared with the 
value of 22.86 Wm~? obtained in Solution 2.4(a) when 
we assumed that the temperatures at the wall surfaces 
were the same as those of the surrounding air. 


(You may find this decrease in the rate of heat transfer 
surprising. This decrease is because the air-film close 
to the surface of the wall acts very effectively as a layer 
of insulation. Notice also that this new estimate is 
reasonably close to the value 16.8 W m~? found exper- 
imentally, which is comforting.) 


(c) The equation for heat transfer by convection at the 
inner surface of the wall is ¢ = hin A(Oin — O1), so 


q 17.52 
QO, = On — —— = 18 — —— = 16.25°C. 
: hin A 10 
Similarly, the equation for heat transfer by convection 
at the outer surface of the wall is ¢g = hour A(O2 — Oout), 


sO 


Oz = Oout 150 


Therefore the temperatures of the inner and outer sur- 
faces of the wall are 16.25°C and 10.12°C, respectively. 
(Note that the Celsius or absolute scales can be used in 
these calculations. Note also that Equation (2.7) can 
be used as a check on the calculations.) 
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3.5 Using the method of Example 3.1 and the usual 
notation, the U-value is given by 


1 b 1b 1\7 
v= t t t t 
hin K he K Nout 


(3 0.105 1 0.105 , 1 : 


i0t 06 '175° 06° 150 
= 0.9727 Wm-?K7!. 


Thus the rate of heat transfer per square metre of wall 
surface is 


“ = U(Oin =" Oout) 
= 0.9727 x (18 — 10) 
= 7.781Wm"?. 


This is less than half the value obtained in Solution 2.4, 
so introducing a cavity into the wall has more than 
halved the predicted rate of heat energy losses. 

(You will see in Section 4 that this prediction needs 
to be nearly doubled when the effects of radiation are 
included.) 


3.6 From Table 3.3, the U-value for a pitched felted 
roof with 100mm of insulation is 0.3Wm-?K~!. So, 
using Equation (3.5), the rate of loss of heat energy 
through the roof is 


q = UA(@in — Qout) = 0.3 x 50 x (20 — 6) = 210 W. 


3.7 Using Equation (3.8), 


—1 
1 1 rp 1 
= 27l t ] On — Oou 
oa Go ko (2) an) ( ‘) 


= 27736 I 


-1 
“ Cremer + 335 In (5:5065) 4 vasiturs } 
x (80 — 20) 
= 27.95 W. 
So the rate of heat transfer by conduction and convec- 


tion through a one-metre length of the pipe is predicted 
to be 27.95 W. 


Including the effects of convection reduces the estimate 
of the rate of heat transfer for a one-metre length of pipe 
from 1014kW, which was the solution to Exercise 2.5, 
to 27.95 W, which is a much more realistic result. 


3.8 (a) Using Equation (3.6), the U-value for the win- 
dow is 


_ (4, 0.004 1 
(10 «1.0 — 150 


= 9.036 Wm? kK}. 
(b) Using Equation (3.5), 
q = UA(Gin — Oout) 
= 9.036 x 2 x (20 — 10) 
= 180.7 W. 


So taking into account the effects of convection at the 
surfaces of the window, the rate of heat energy loss 
through the window is predicted to be 180.7W. In 
Exercise 2.7 we assumed that there was perfect transfer 
of heat energy from the surfaces of the window to the 
air and obtained the unrealistic prediction of 5000 W. 
The huge discrepancy between the two predictions illus- 
trates the importance of modelling the effects of convec- 
tion in this type of situation. 


(c) If the temperatures at the inside and outside sur- 
faces of the window are ©; and Og, then Equation (3.1) 
for convective transfer of heat energy at the window sur- 
faces gives 


q¢= hin A(Oin _ 01) and q= houtA(@2 = Grae). 
Therefore 


qd 180.7 4 
= Cin = 20 - = 10. ’ 
0,=0 iA 0 10x2 0.96°C 
q 180.7 i 
= Oout 4 = 104 = 10. - 
Cocaine A Mee 


So the temperatures at the inside and outside surfaces 
of the window are 10.96°C and 10.60°C, respectively. 


(Note that the Celsius or absolute scales can be used in 
these calculations. Note also that Equation (2.7) can 
be used as a check on the calculations.) 


3.9 (a) We denote the temperatures at the four glass 
surfaces by 01, O2, O3 and O4, as shown below. 


(oF O, 
e) 
1 0, 
inside outside 
On Oout 
glass glass 
air gap 


Using the method of Example 3.1 and the usual 
notation, the U-value is given by 

v=(; ,5, 1,0, 1 7 

hin K Ne K Rout ; 

(Note that, as the thickness of the air gap is 20mm, we 
have used Equation (3.7) for the heat transfer across 
the gap.) So, using the given data and Table 2.1, 

pa (2 0.004, 1, 0.004 1 

“Ate L6G" L75 " LG * 80 


= 1458Wm?K~!. 


Solutions to the exercises 


(b) The rate of transfer of heat energy through the 
window is predicted to be 
gq = UA(Oin — Oout) = 1.458 x 2 x (20 — 10) 
= 29.15 W. 
Hence, by double-glazing the window, the predicted rate 


of heat transfer through the window has been reduced 
from 180.7 W to 29.15 W. 


3.10 (a) We denote the temperatures at the liquid— 
pipe, pipe—lagging and lagging—air surfaces by 0), QO» 
and 03, as shown below. 


0, 


air 
The equations for heat transfer through the walls of the 
lagged pipe are 
@ = Iaharil(C@in — Ox), 
_ 2nKl(O, — O2) 
~ — In(re/r1) 
_ 2TKiagl(O2 = Qs) 
- In(r3/r2) : 
q= 2THoutT3l(Os = Osu). 


Rearranging these equations, the temperature differ- 
ences are 


_ qd 
e-Sh= Qrhinr Ll’ 
0; — Oz = os in{ra/P1) 

27K 
l 
Oy — Og = “intrs/r2) 
2TKlagl 
Os a Oout = — 
2Thourrs3l 


Since, in the steady state, q takes the same constant 
value at each stage of the heat transfer process, adding 
these equations gives 


Oin — Gout 
= i ( 1 _in(ra/ri) , In(ra/ra) 1 ) 
2rl \ hin? kK Alag Rot?a 
Hence 


1, In(ra/ri) | In(ra/re) | 1 = 
hint 1 K | Klag ) Nout?3 


x (Oin = Oout)- 
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(b) For the unlagged pipe, 


: 1 In(re/ri) | 1 = 
q= 27 — T T Rout?2 (Oin Oout) 
7 1 In(0.005/0.004) 
oe (saecame + 50 
= 
1 
ee 9 
+70 x od a 


= 9.306 W. 


So the rate of transfer of heat energy through the walls 
of a one-metre length of the unlagged pipe is predicted 
to be 9.306 W. 


(c) For the lagged pipe, 
f a5 ( 1 s In(r2/11) 
Aint 1 K 


Al 
t In(r3/ra) t : ) (Oin —~ Opout) 


Klag Aout?3 

Seawix 1 In(0.005/0.004) 
1000 x 0.004 50 
_In(r3/0.005) . 1 


—1 
aa a) x (50 — 20). 


For rz = 0.02m we obtain gq = 9.860 W, whereas for 
r3 = 0.03m we obtain g = 8.765 W. So the heat trans- 
fer rate for a lagged pipe can be greater or less than 
that for an unlagged pipe. 


(d) We wish to find the value of rs for which gq is a 
maximum. Now gq is a maximum when 
1 In(r2/r1) . In(r3/r2) 1 


R= 
hin? 1 K Klag Nout?3 


is a minimum. Now 
dR 1 1 
2. 3 
Rout T3 


drs Klagl3 
so dR/dr3 = 0 when rs = Kiag/Nout- 


When 73 = Kiag/Rout, We have 


2 2 2 
d-R 1 ; 2 nae Qt 
rr we 3 3° E38 
drs KlagT3 Nout 3 King Kiag 

2 
_ Reva 
= 
Klag 
> 0, 


$0 '3 = Klag/Mout gives a minimum value of R and hence 
the maximum rate of heat energy loss. 


In the case under consideration, r3 = 0.1/10 = 0.01 m. 
So an estimate of the thickness of lagging that gives 
the maximum rate of heat energy loss is 0.01 — 0.005 = 
0.005 m. (For this thickness, the rate of heat transfer for 
a one-metre length of pipe is predicted to be 10.97 W.) 


(The radius r3 = Klag/ Mout is called the critical radius 
of insulation. If the radius of the unlagged pipe is less 
than the critical radius, then the heat transfer rate q 
increases with the addition of lagging, until g reaches a 
maximum at 73 = Kiag/Aout. Then any further addition 
of insulation decreases the heat transfer rate.) 
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Section 4 


4.1 The (curved) surface area of the cylindrical 
element is 

A = 2n x 0.005 x 0.3 = 0.009 425 m?. 
By Equation (4.1), the rate of heat energy emitted from 
the element is q = «0 A@*, so 

Pe 2000 

eoA 1x 5.670 x 10-8 x 0.009 425 
= sma « 10”. 


Hence O = 1391 K, and the temperature of the element 
is predicted to be 1391K (or about 1118°C). 


4.2 (a) Using Equation (4.3), the rate of transfer of 
radiation (per square metre) between the two walls is 


— = 4 
E1 E92 


__ 5.670 x 1078 x (298.24 — 278.24) 
= I 
sa tas—1 
= 88.95 Wm”. 
(b) Denoting the temperature of the shield by O, and 


its emissivity by e,, the rates of heat transfer (per unit 
area) on each side of the sheet are modelled by 


q_ o(Gi-@3) ig 4 _ 25 = ©) 
Be Be gD A 2g Sy: 
ey Es Es i) 


Therefore, since the rate of heat transfer is the same at 
either side of the sheet, 


(Oj -O5) _ o(O; — 2) 
1 1 ~ 1 1 : 

| 1 t 1 
El Es Es €2 


Since €, = €9, this leads to 
Oi — O; = 0; - 83, 
Se) 
201 = 61 + Of = 298.24 + 278.24. 
Hence O, = 288.7K, and an estimate of the tempera- 
ture of the aluminium radiation shield is 288.7K (or 


about 15.5°C). Substituting this value into the first 
equation for g/A above, we obtain 


Ey Es 
__ 5.670 x 1078 x (298.24 — 288.74) 
- 1 
sa tool 
= 2.703Wm~?. 


So the insertion of the radiation shield has reduced the 
predicted rate of transfer of radiation from 88.95 W m~? 
to 2.703Wm~?. (This reduction is largely due to the 
low emissivity of aluminium. However, even if the shield 
was a perfect emitter, the predicted rate would have 
been reduced to 49.01 W m~?.) 


(The effect of a radiation shield is utilised in an Aga 
oven by the use of the cold plain shelf, which allows the 
use of the roasting oven for baking items that require a 
more moderate temperature. ) 


4.3 Equation (4.2) gives 

dexact/ ((€7' + €7' — 1)~'o A) = Of — 63, 
whereas Equation (4.3) gives 

approx/ (Cu F as <= 1)~*o A) = 4O¥ can (O1 a O2) 
where Omean = 3(O1 + Q2). 
The values of dexact/((ey'+e€9'—1)710A) and 
approx / (Cn +e,'—1)~'oA) are summarized in the 
following table for O2 = 283.2K, O, = 288.2, 293.2, 
303.2, 313.2, 333.2, 353.2 and 373.2 K. 


O71 Gesnat ((eq* + ep" 


_ 1)~1oA) Owmnean re | (Cn + €3° ~ 


Solutions to the exercises 


(b) When the gap is filled with foam, the only mode 
of heat transfer is conduction. Using Equation (2.6), 


K 0.026 
. = $(O1 — 2) = Spy (288.2 — 278.2) 
= 8.667Wm”?. 


So the rate of transfer of heat energy per unit area is 
8.667 W m~?. (Notice that by inserting foam in the gap 
we have reduced the rate of heat energy loss by a factor 
of more than six.) 


1)~'oA) 


288.2 4.664 x 108 285.7 
293.2 9.578 x 108 288.2 
303.2 2.019 x 109 293.2 
313.2 3.190 x 109 298.2 
333.2 5.894 x 109 308.2 
353.2 9.130 x 109 318.2 
373.2 1.297 x 101° 328.2 


4.664 x 108 
9.575 x 108 
2.016 x 10° 
3.182 x 10° 
5.855 « 10° 
9.021 x 10° 
1.273 x 101° 


The above calculations suggest that the linear approxi- 
mation can be used with confidence for temperature 
differences of up to 100°C. 


4.4 The rate of loss of heat energy from the spaceship 
is modelled by Equation (4.2). So 


7 = co(O" = o 


= 0.1 «x 5.670 x 107° » (278.2* — 0*) 
= 33.96 W. 


So the rate of loss of heat energy per unit area from the 
surface of the spaceship is 33.96 W. 


4.5 (a) When the gap is filled with air, heat energy 
is transferred by convection and conduction, which is 
given by Equation (3.7), and by radiation, which is 
given by Equation (4.3). So 


Ey EQ 
= 1.75 x (288.2 — 278.2) 
_ 5.670 x 10—8(288.24 — 278.2*) 
| a9 ta9—1 
= 17.5 + 42.16 
= 59.66Wm”. 


So the rate of heat transfer per unit surface area is 
59.66 Wm-?. (Note the dominant effect of radiation 
in the transfer of heat energy across the air gap.) 
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UNIT 16 Interpretation of mathematical 
models 


Study guide for Unit 16 


The process of mathematical modelling was introduced in MST121 Chap- 
ter Al. In this unit we shall reintroduce and extend these ideas in order to 
give you an appreciation of the mathematical modelling which underlies the 
models which you have met earlier in this course, particularly in Block 2 
and the earlier units of this block. 


The discussion of the modelling process in Section 1 uses as illustration 
the models for an object falling from the Clifton Suspension Bridge which 
we discussed in Unit 6, the motion of a projectile from Unit 14, and the 
oscillation of a pendulum from Units 8 and 13. The case study in Sections 4 
and 5 depends heavily on the models for heat transfer which were discussed 
in Unit 15, especially the model for convection. 


Ideally you should study the material in the order in which it is presented. 
However, Sections 2 and 3 are largely self-contained and could be studied 
at any time, although there are a few exercises in Section 4 which depend 
on this material. You will need access to your computer for Section 5. 


Sections 2 and 3 are shorter than the other sections and could sensibly be 
studied together in one study session. You should plan to spend one study 
session on each of the other three sections. 


Pe 
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Introduction 


As you know, one of the main aims of this course is to help you to develop 
your appreciation of the role of mathematics in understanding and predicting 
the behaviour of the real world (as opposed to the world of mathematical 
theories). This process is called mathematical modelling. 


There was a time when the application of mathematics was restricted more 
or less to physics and engineering; but those days are long gone, and now 
mathematics turns up all over the place. In case you need to be convinced 
that this is the case, you may like to consider the following list of titles of 
some of the conferences organized in 1998 by the UK Institute of Mathe- 
matics and its Applications. 
e Modelling Permeable Rocks 
(the modelling of spatial patterns in geology, with applications in the oil 
industry, groundwater hydrology and nuclear waste disposal) 
e Mathematics in Transport Planning and Control 
(topics include the analysis of traffic at congested roundabouts) 
e Mathematical Models in Maintenance 
(topics include the asset management of vehicle fleets, high-rise build- 
ings, housing estates, rolling stock and ships, as well as logistic support 
and human resource models) 
e Mathematics in Heat Transfer 
(topics include combustion and geothermal applications; condensation, 
boiling and evaporation; convective heat transfer) 
e Mathematical Theory of Biological Systems 
(covering epidemiology and immunology of infectious diseases, develop- 
mental biology, morphogenesis, physiological and medical systems, ecol- 
ogy, genetics and evolution) 
e The Mathematics of Surfaces 
(with applications in computer-aided design and machining, computer 
inspection of manufactured parts, geographic information systems) 
e Control 
(with applications in aerospace, automotive systems, biomedical sys- 
tems, environmental and safety systems, heating and ventilation, marine 
systems, robotics and transport) 
e Cardiovascular Flow Modelling and Measurement with Application to 
Clinical Medicine 
(topics include fluid modelling, blood rheology (mixing), flow patterns 
in the circulation, development and treatment of cardiovascular disease) 
e Image Processing: Mathematical Methods, Algorithms and Applications 
(focusing on compression, transformations and neural networks) 
e Mathematics in Communications 
(topics include error-correcting codes, radio propagation models, net- 
work traffic modelling, queuing theory) 


Although these diverse uses of mathematics call on different aspects of the 
subject, there is a range of skills that is common to all of them: these are 
the skills that together constitute the craft of mathematical modelling. 


You may have been introduced to the process of mathematical modelling in 
Chapter Al of the prerequisite course MST121. This process is summarized 
in Figure 0.1. 
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Section 1 An overview of mathematical modelling 


—& a 


Se ; 


Figure 0.1 The mathematical modelling process (or cycle) 


In the first section of this unit we discuss the five key stages of the mathe- 
matical modelling process in more detail, using some of the models that you 
have met in earlier units as illustrations. In the next two sections we look 
at the dimensions and units of physical quantities, and see how they can be 
used to predict and check the outcomes of the modelling process. Finally, 
the last two sections are devoted to a case study in which we shall see how 
the models developed in Unit 15 for steady-state heat transfer can be ap- 
plied to a situation which is not steady-state, namely the cooling of a cup 
of hot tea. This case study will show our progression around the modelling 
cycle shown in Figure 0.1. 


Some words of warning are necessary. Firstly, mathematical modelling is un- 
like other branches of mathematics. Mathematical models depend critically 
on the problem a model is intended to help solve, and on the simplifying 
assumptions made about the system being modelled. You may disagree 
profoundly with the assumptions that I make in this unit (and assump- 
tions made about other models in other units of this course). There are 
many ways of tackling any modelling problem, and none can be expected 
to yield an exact solution. If your assumptions differ from mine, then your 
model may be just as valid, or indeed better, than mine. Secondly, we 
may need to go round the modelling cycle in Figure 0.1 several times, im- 
proving our model each time. Finally, and most importantly, the modelling 
process never conforms to the rigid structure suggested by Figure 0.1 and 
expanded in Section 1. For example, in Stage 2 of the modelling process we 
‘state assumptions’ and ‘choose variables and parameters’. However, at a 
later stage, we might realize that there are other assumptions we require and 
other variables or parameters we need to define. Nevertheless, the modelling 
process shown in Figure 0.1 provides an invaluable framework to assist in 
the modelling of real-world situations. 


1 An overview of mathematical modelling 


This section presents the process of mathematically formulating and solving 
problems in the real world. In this course we do not expect you to mas- 
ter this process of mathematical modelling. Rather, we provide sufficient 
background so that you can appreciate the process involved in formulating 
the models that we have presented and their limitations. In order to fur- 
ther develop your skills of mathematical modelling, you would need to study 
another course which has this as one of its aims. 
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The mathematical modelling process starts with a problem in the ‘real world’, 
which is translated into a mathematical model whose solution enables us to 
provide solutions to the real-world problem. For example, in Unit 6 we asked 
how long it takes a marble dropped from the Clifton Suspension Bridge in 
Bristol to reach the River Avon below, and what is its speed as it hits 


the 


water. While thinking about this problem, other questions might have 


passed through your mind, possibly including the following. 


Would a larger marble reach the River Avon more quickly or more slowly 
than a smaller marble? 

Would a marble of polystyrene, rather than glass, reach the River Avon 
in a shorter or longer time? 

How does the time to reach the River Avon compare to the time taken 
to reach half-way? 

How sensitive are the time and final speed to the fact that the River 
Avon is tidal (so the distance between the bridge and the river varies 
slightly)? 

How sensitive are the time and final speed to the possibility that the 
initial horizontal and vertical components of the velocity of the marble 
may not be zero? 


Our mathematical model of the physical situation should help us to answer 
these questions as well as the problem originally posed. The key stages in 


the 
1, 


mathematical modelling process are as follows. 


Specify the purpose: 
define the problem; 
decide which aspects of the problem to investigate. 


Create the model: 

simplify the problem; 

state assumptions; 

choose variables and parameters; 
formulate mathematical relationships. 


Do the mathematics: 
solve equations; 

draw graphs; 

derive results. 


Interpret the results: 

collect relevant data; 

describe the mathematical solution in words; 
decide what results to compare with reality. 


Evaluate the outcomes: 

test the model by comparing its predictions with reality; 

criticize the model; 

decide if it is necessary to adjust the model and enter the cycle again. 


The diagram in Figure 1.1 may help you to remember the five key stages in 


the 
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mathematical modelling process. 


See Unit 6, Sections 3 and 4. 


See MST121, Chapter A1, 
Section 7. 


The mathematical modelling 
process is sometimes referred 
to as the mathematical 
modelling cycle. 


Section 1 An overview of mathematical modelling 


Figure 1.1 The mathematical modelling process (or cycle) 


In developing a mathematical model, you may need to go round the loop in 
Figure 1.1 several times, improving your model each time. (In Section 3 of 
Unit 6 we developed a first model of the Clifton Suspension Bridge problem 
which neglected the effects of air resistance; in Section 4 we developed the 
model by including air resistance. For light objects, we might need to go 
round the modelling loop again in order to include the effects of buoyancy, 
for example.) When you start to create a mathematical model for a real 
problem, you should begin with a simple model, in order to get a feel for 
the problem. In fact, it is often the case that a simple model that gives a 
reasonable approximation to the real world is more useful than a complicated 
model; a more complex model may give a better fit to the available data, but 
the key processes that are being modelled may be more difficult to identify. 
If, in evaluating a model, you find that it is not satisfactory for its purpose, 
you need to identify why it is deficient and try to include additional features 
that address those deficiencies in your next pass through the modelling loop. 


In the remainder of this section we shall discuss each of the stages of the 
modelling process in more detail, using the Clifton Suspension Bridge prob- 
lem for illustration. 


1.1 Specify the purpose 


In mathematical modelling, problems are rarely posed in a way that can 
be translated directly into mathematical form. For example, the Clifton 
Suspension Bridge problem might have been originally stated in the form 


‘How long does it take something to fall from the Clifton Suspension 
Bridge?’ 


It is important to establish at the outset a clear statement of the purpose of 

the model. In clarifying the statement of this problem, some of the questions 

which went through my mind were as follows. 

e What is the object being dropped? For example, is it a feather or a 
brick? 

e How is the object being dropped? Is it dropped from rest or is it thrown? 


e What is the end point of the fall? Is it when the object hits the water 
or when the object finally comes to rest on the bed of the river? 
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Other questions may have occurred to you. At this stage it is also very 
helpful to get a ‘feel’ for the physical situation. In our case, this might involve 
actually dropping different types of objects from the Clifton Suspension 
Bridge. Such a test would also enable us to assess whether external physical 
phenomena, such as cross-winds, are sufficiently common that they ought 
to be taken into account when formulating our model. 


After clarifying the precise problem being posed, the statement of the prob- 
lem might become 


‘How long does it take a marble dropped from rest from the Clifton 
Suspension Bridge in still air to reach the surface of the river below?’ 


*Exercise 1.1 


A manufacturer of tin cans asks you: ‘What is the best shape for a can of 
baked beans?’ 


(a) What questions might you ask the manufacturer in order to clarify this 
problem? 


(b) Try to formulate a clear statement of a suitable modelling problem for 
this situation, based on possible answers to the questions you posed in 


part (a). 


It is also worth bearing in mind that some models, created for a specific 
purpose, might be useful in answering different questions about the same 
situation and, furthermore, may be applicable in other situations. For ex- 
ample, our model for the Clifton Suspension Bridge problem might be used 
to predict the final speed of the marble just before it enters the river, or 
even the time and speed of the marble at different heights above the river. 
Almost certainly our model could be used for falling objects other than 
marbles, and for locations other than the Clifton Suspension Bridge! It is 
possible that the model could be used, possibly after some modifications, 
for objects dropped with an initial velocity and for objects dropped through 
mediums other than air, such as water. 


Exercise 1.2 


In Unit 14 we considered the problem of how far one can put a shot. Suggest 
other situations where the model developed there could be used, possibly 
with some modifications. 


1.2 Create the model 


There are a number of skills that are needed in building a sensible model 
that approximates a real situation. 


Simplify the problem 


Usually you cannot hope to develop and solve a mathematical model which 
encompasses all the factors which influence the behaviour of a physical sit- 
uation under investigation. So it is important to identify the key features 
when developing a model, at least initially. For example, when developing 
our first model of the marble dropped from the Clifton Suspension Bridge, 
we assumed that the marble could be modelled as a particle, that the initial 
velocity of the marble was zero, and that air resistance could be ignored. 
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*Exercise 1.3 


What simplifying assumptions would you make if you wanted to find the 
best shape for a cylindrical tin can made to contain a specified quantity of 
baked beans? 


State assumptions 


In modelling a physical situation you should always look for a model which 
is as simple as possible consistent with the salient features of the problem. 
But it is important to be clear about the simplifying assumptions that have 
been made in order to arrive at that model. This is necessary to ensure that 
anyone who may be interested can follow how the model has been derived. 
Furthermore, if you have an explicit list of assumptions you have made, 
and you wish to improve your model, you have an obvious place to start: 
review the assumptions, and ask yourself which can and should be modified 
or relaxed. For example, for the problem of the marble dropped from the 
Clifton Suspension Bridge, you might decide to improve the first model by 
taking into account air resistance: in the revised model, you might assume 
air resistance which depends linearly or quadratically on the marble’s speed. 


Exercise 1.4 


Looking at the list of assumptions in Solution 1.3 for the tin can problem, 
which assumption do you think should be modified in a revised model? 


*Exercise 1.5 


(a) List the assumptions which were used in developing the model of the 
pendulum given in Unit &. 


(b) Which of these assumptions do you think should be modified in a revised 
model? 


Choose variables and parameters 


In the falling marble problem, the things which vary are the height and 
speed of the marble, which are functions of time. So we can identify our 
key variables as height, h, speed, v, and time, ¢t. Our problem might be 
summarized as: find h and v as functions of time t. 


At this stage, it is important to decide on the units in which the variables are 
measured: for example, we might measure height in metres, speed in metres 
per second, and time in seconds. It is sensible to use units of measurement 
which are appropriate to the problem under consideration: for example, for 
the Clifton Suspension Bridge problem, it would be silly to measure the 
height in millimetres and the time in years. It is also a good idea to use 
units which are consistent: it would not be sensible to measure height in 
metres, time in seconds and speed in miles per hour! 


It is good practice to keep a list of all your variables and parameters, to 
ensure that all of them have been consistently defined and used. It pays to 
be careful in defining variables to avoid confusion later. For example, ‘time 
since the marble was dropped’ is far clearer and less open to misinterpreta- 
tion than just ‘time’. 
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Exercise 1.6 


For the Clifton Suspension Bridge problem, give a clear definition of height. 


The list of the variables used should include a note of the symbol used to 
represent each one, and the units used in its measurement, as well as its 
definition. For example, our list of the variables for the Clifton Suspension 
Bridge problem might be as follows: 


his the height of the marble above the River Avon, measured in 
metres; 


v_ is the speed of the marble, measured in ms~!; 


t is the time since the marble was dropped, measured in seconds. 


As the model is developed, it might be necessary to add further variables 
and parameters to the list. Most probably we shall have to add 


g is the magnitude of the acceleration due to gravity, measured in 
=2 
ms 


to the above list. 


It is worthwhile giving some thought to the choice of symbol used to rep- 
resent a variable, and choosing something memorable. It is very annoying 
to have to continually refer back to find the meaning of a symbol, so it is 
sensible to use the symbol h to represent height, and t to represent time. 
The obvious choice of symbol to represent speed is s. Unfortunately, the 
symbol s is often used to represent distance (I don’t know why!), so this 
choice might be confusing to readers. We might instead choose the sym- 
bol v, as in everyday speech velocity is synonymous with speed. One final 
word about the choice of symbol: you should not use the same symbol to 
represent two different variables in the same model. 


Formulate mathematical relationships 


The core differential equation in the Clifton Suspension Bridge problem 
arose from the use of Newton’s second law. Indeed, most models of me- 
chanical systems involve the use of Newton’s laws, though the use may be 
hidden, such as use of the law of conservation of mechanical energy, or use 
of the relationships between speed, distance and time for constant accelera- 
tion. In heat energy transfer problems, we shall probably use Fourier’s law. 
In Section 4 of this unit, we shall develop a model for the cooling of a cup 
of tea which uses both Fourier’s law and the input-output principle. 


Exercise 1.7 


In Unit 14, a mathematical model of putting the shot is discussed. Describe 
how the equation of motion is obtained. 
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See Unit 6, Section 2. 


See Unit 15, Subsection 2.2. 


Section 1 An overview of mathematical modelling 


*Exercise 1.8 


A shopping centre is surrounded by car parks, as shown in Figure 1.2. 


Parking spaces 


Shops 


Figure 1.2 


The problem is to decide on the best parking space to use when doing your 
shopping. The problem arises because the closer to the centre you go, more 
time will be spent driving around looking for a vacant parking space; if you 
park your car far away from the centre, however, you will have to spend more 
time walking to and from the shops. The following is one way of resolving 
this difficulty. 

e Find how the time between arriving at the car park (including time to 
find a parking space and walking to and from the shops) is dependent 
on where you park your car. 

e Work out how far away you need to park to minimize this time. 


Let ¢ be the time, in seconds, between arriving at the car park and getting 
to the shops, plus the time spent walking back to the car, and let x be 
the walking distance, in metres, between your car and the shops. The time 
it takes to find somewhere to park is a decreasing function of 2: suppose 
that, based on empirical evidence, it may reasonably be modelled as being 
inversely proportional to «x. 


Formulate a relationship between t and x that could be used as a model for 
solving the problem. 
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1.3 Do the mathematics 


The majority of this course, and most other courses in mathematics, is about 
‘doing the mathematics’, so we shall not add anything further in this unit! 


*Exercise 1.9 


Consider the tin can modelling problem formulated in part (b) of Solu- 
tion 1.1, using the assumptions given in Solution 1.3. Outline in words the 
strategy you would use to ‘do the mathematics’. (You are not expected to 
actually solve the problem.) 


1.4 Interpret the results 


Obtaining a solution to a mathematical modelling problem is not the end 
of the modelling process. The solution needs to be interpreted in terms of 
the original problem posed, and a number of checks need to be made. In 
this subsection we shall outline some of the techniques used to interpret the 
solution and, in the next subsection, to check its reliability. 


The main point to emphasize is that the answer to the original problem 
should be given in words. For example, the answer to the question ‘How long 
does it take a marble to drop from the Clifton Suspension Bridge?’ should 
be ‘It takes approximately 4 seconds for the marble to hit the water when 
dropped from the Clifton Suspension Bridge’, rather than just ‘t ~ 3.962’. 
When expressing the answer in words, it is important to remember the 
expected audience. For example, if you were posed the problem of how 
to space the lines which are often painted across the road before a road 
junction in order to slow down approaching vehicles, your answer to the 
Chief Engineer would probably be different in form to that given to the 
workforce who actually paint the lines! 


When giving numerical answers, it is important to give them to an ap- 
propriate accuracy. For example, for most purposes 4 seconds is probably 
an appropriate answer for the time of fall for the marble falling from the 
Clifton Suspension Bridge, although in other situations a more accurate an- 
swer might be appropriate. In particular, you need to consider the accuracy 
of the data. The height of the Clifton Suspension Bridge above the River 
Avon was assumed to be 77 metres, an accuracy of 2 significant figures, and 
the value of g was assumed to be 9.81ms~?, an accuracy of 3 significant 
figures. So in quoting our final answer for the time of fall, we are justified 
in an accuracy of only 2 significant figures (at most). 
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Exercise 1.10 


Consider the problem of finding the amount of the monthly repayment for a 
loan of £200 000 over a period of 25 years, at a fixed interest rate of 5% per 
annum which is charged annually (rather than on a daily basis, for example). 
This problem can be modelled by the recurrence relation 


Ur+1 = 1.05u, — 12M, 
with the initial condition 
ug = 200000, 


where u, is the amount owed after r years and M is the monthly repayment 
in £. 


The mathematical solution to the problem is 
M = 1182.540955.... 


Express the solution to the problem in words, giving the amount of the 
monthly repayment to an appropriate accuracy. 


In some situations, you might consider giving your answer in the form of a 
graph or a table. For example, the formula 


t=cm?/3 

is given in the book by Philip Harben, The Grammar of Cookery (Pen- 
guin, 1962) as a model for the cooking time t of food, such as a turkey, of 
weight m. This formula would not be very helpful for most cooks, and the 


same information might be better expressed in the form of Table 1.1. ; ; : 
Here we are using ‘weight’ in 


its everyday sense and 
measuring it in kg. Strictly 
speaking we should be using 
the word ‘mass’. 


Table 1.1 Cooking time for turkeys 


Weight of turkey Cooking time 


4 kg 1h 55 min 
45 ke oh 

5 kg 2h 10 min 
54 kg 2h 20 min 

6 kg 2 h 30 min 
65 kg 2 h 35 min 

7kg 2h 45 min 
75 kg 2h 50 min 

8 kg 3h 
85 kg 3h 5 min 

9 kg 3h 15 min 
95 kg 3 h 20 min 
10 kg 3 h 30 min 


In the above table, the times are rounded to the nearest 5 minutes, which 
seems appropriate to the situation. Looking at the table, it is clear why 
most cookery books use a linear model for cooking times! 
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*Exercise 1.11 


The time t (in seconds) taken for an object to fall from a height h (in metres) 
is modelled by the formula 


2h 
t=4/—, 
g 


where g is the magnitude of the acceleration due to gravity measured in ms~?. 


Present the outcome of this model for heights between 0 and 100 metres in 
the form of a table and in the form of a graph. 


What do you think are the advantages and disadvantages of these two meth- 
ods of presenting the outcome for this problem? 


1.5 Evaluate the outcomes 
Test the outcomes of the model with reality 


Here there are several points to be emphasized. It is usually worth checking 
that the model predicts the kind of results that one would expect from 
common sense and from experience. If possible, one should validate the 
model by comparing its predictions with data from an experiment or other 
reliable source. 


For example, in the Clifton Suspension Bridge problem, we could actually 
time how long it takes a marble dropped from the bridge to hit the water 
below (in an experiment this was 4.1 seconds), and compare it with our 
prediction (in our first model this was 3.96 seconds). Even better would be 
to time the fall for different objects from different heights. It is good practice 
to try to reformulate the results so that this check turns into something 
simple such as drawing a straight line. Ignoring air resistance, for falling 
objects, the time of fall ¢ for different heights h is modelled by 


2 
a 
g 
So if we plot ¢? against h, we should obtain a straight line through the 
origin with slope 2/g if our model is satisfactory. Such a plot is shown in 
Figure 1.3. 


time of fall squared (in s”) 


height (in metres) 


Figure 1.3 
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*Exercise 1.12 


Joints of beef of similar shapes were roasted in an oven. A meat thermometer 
inserted into the centre of a joint was used to decide when the joint was 
cooked. The following roasting times were found. 


Table 1.2. Roasting times 


Weight of joint Roasting time 


1 kg 27 min 
1} kg 31 min 
13 kg 35 min 
13 ke 39 min 

2 kg 42 min 


(a) A model for the roasting time t for a joint of weight m is the linear 
equation 


t=a+bm 


(‘roast for a minutes plus b minutes per kg’). By plotting t against m 
for the above data, decide if the linear model is satisfactory, and find 
values for the parameters a and b. 


(b) An alternative model for roasting times is 


t= em?/8, 


By plotting t against m?/? for the above data, decide if the two-thirds 
power model is a satisfactory model, and find the value of the parame- 
ter c. 


As well as using data to validate the model, you may also require exper- 
imental data to find numerical values for parameters in the model. For 
example, in Exercise 1.12, we used the experimental data not only to verify 
the models, but also to find values for the parameters a, b and c. 


Adjust the model 


If a model is found to be unsatisfactory, the simplifying assumptions which 
were used in developing the model can be reconsidered. In our initial model 
of the Clifton Suspension Bridge problem, the effects of air resistance were 
ignored. We might now decide to include these. 


Again we are using ‘weight’ in 


its everyday sense and 
measuring it in kg. 
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*Exercise 1.13 


In the Clifton Suspension Bridge problem, an initial model is proposed in 
which velocity-dependent forces are ignored. This model is superseded by 
one in which such forces are taken into account. What is the likely effect of 
this on the result? 


Our improved model may, in its turn, be found to be not completely satis- 
factory. Our first model for the Clifton Suspension Bridge problem assumed 
that gravity was the only force acting; the second also took air resistance into 
account. However, objects which are sufficiently light will rise when released 
in a fluid, rather than fall, due to pressure variation within the fluid. Thus 
a hollow rubber ball immersed in water will rapidly rise to the surface when 
released; the same effect is put to use for the purpose of flight in a hot-air 
balloon. The motion of such an object may be modelled more satisfactorily 
by allowing for the presence of a third force in addition to gravity and air 
(or other fluid) resistance. This is known as Archimedes’ buoyancy force, 
and its magnitude is equal to the weight of fluid displaced by the object. 
The effect of this force is not significant for the Clifton Suspension Bridge 
problem, but may be significant for other situations. Further effects due to 
the motion of the fluid may also need to be considered in certain circum- 
stance, such as a falling feather, but fluid dynamics is beyond the scope of 
this course. 


Exercise 1.14 


Consider again the model of the tin can problem based on the assumptions 
in Exercise 1.3. In Solution 1.4, we suggested that this initial model should 
be modified by allowing for wastage when cutting the circular ends. What 
effect do you think this would have on the shape of the can? 
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2 Dimensional consistency and change of 
units 


2.1 Dimensional consistency 


In modelling, we attempt to establish relationships between variables by 
using assumptions to develop equations. In this subsection we shall inves- 
tigate a technique used to verify that these equations make sense, in that 
they are dimensionally consistent. Such an analysis can never establish that 
an equation is correct, but it provides a useful check and can sometimes tell 
us that an equation is wrong. 


For example, suppose you are cooking a meringue nest using egg whites and 

sugar. In order to determine the mass, m, of the meringue, you would first 

need to determine the mass, m1, of an egg white and the mass, mg, of the In reality, the mass of an egg 
sugar, all measured in the same SI units. Then, assuming that no mass is white varies slightly from egg 
lost during the cooking process, the mass of a meringue using n egg whites *° &88: 

is given by m = nm,+ mg. Each additive term on the right-hand side of 

this equation (nm, and mg) is a mass, and the equation makes sense only 

if each of these terms is measured in the same SI units, giving the overall 

mass m in the same SI units. This is the essence of dimensional consistency. 


Now, the choice of unit of measurement does not affect the physical quantity 
being measured. For example, the width of this page is the same irrespective 
of whether we measure it in millimetres or inches. Similarly, no matter 
what units we use, speed must always be expressed as length divided by 
time. To measure speed we could use metres per second, centimetres per 
hour, or yards per day, but it has to be a unit-of-length per unit-of-time. In 
terms of dimensional consistency, the important property of volume is that 
it is length cubed, and the important property of speed is that it is length 
divided by time. In these examples, we can think of length and time as 
being fundamental properties, referred to as base dimensions. 


Definition 


Mass, length, time and temperature are fundamental properties and are 
referred to as base dimensions. The base dimension mass is denoted 
by M, length by L, time by T, and temperature by 0. © is the Greek capital letter 
theta. 


The dimensions of all physical quantities (in this course) can be expressed 
in terms of these four base dimensions. For example, the dimensions of 
speed, length divided by time, are LT~!. To write this more succinctly, we 
introduce square brackets to mean ‘the dimensions of’, and write 


[speed] = LT. 
This is read as ‘the dimensions of speed are LT~!’. Similarly, 
[volume] = L°. 


The dimensions of other physical quantities can be expressed in terms of M, 
L, T and O by working from their units of measurement. 
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Example 2.1 


Find the dimensions of the magnitude of acceleration, of the magnitude of 
force and of kinetic energy. 


Solution 


The SI unit for the magnitude of acceleration is ms~?, so 


[acceleration] = LT~?. 


The SI unit for the magnitude of force is the newton, where 1 N = 1kg ms~?, 


therefore 
[force] = MLT~?. 


The kinetic energy of a particle is $mv?, where m is its mass and v is 
its speed. Mass has dimensions M, and speed has dimensions LT~!. The 
number 4 has no dimensions; it is a dimensionless quantity, and we 
denote this by writing [4] = 1. Therefore we have 


[kinetic energy] = [4] [mass] [speed]? 


=e Pair, 


As Example 2.1 has illustrated, we can multiply, divide and take powers of 
dimensions using the usual rules of arithmetic and algebra. 


*Exercise 2.1 
(a) What are the dimensions of area? 


(b) Given that, in SI units, density is measured in kem~%, what are the 
dimensions of density? 


(c) Find the dimensions of the gravitational potential energy of a particle, 
mgh, where m is its mass in kilograms, g is the magnitude of the accel- 
eration due to gravity in ms~?, and h is its height above the datum in 
metres. 


(d) The size of an angle 6, measured in radians, can be determined by 
assuming that the angle lies at the centre of a circle and that the two 
lines defining the angle are radii of the circle, as shown in Figure 2.1. 
If the radii have length r and the arc defined by @ has length /, then 
6 =1/r. What are the dimensions of angle? 


The dimensions of some of the physical quantities used in this course are 
given in Table 2.1, where dimensions of | indicate that the quantity is di- 
mensionless. 
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We use [acceleration] here as 
a shorthand for ‘the 
dimensions of the magnitude 
of acceleration’. 


Figure 2.1 


For vector quantities we give 
the dimensions of the 
magnitude of the vector. 
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Table 2.1 


Physical quantity Dimensions 


number 

angle 1 

mass M 

length L 

time T 
temperature (e) 

area L? 
volume L3 

speed Lr 
acceleration a 
force ML T- 
energy Mier 
torque ML? 
density ML-3 


In modelling, any equation must be dimensionally consistent: the di- 
mensions must be the same for each of the additive terms on either side of 
the equation. If they are, then our confidence in the model is increased; 
if they are not, then we know that we have made a mistake somewhere in 
deriving the equation. 


Example 2.2 


The period 7 of small oscillations of a particle of mass m suspended from a 
fixed point by a light inextensible string of length / is given by 


l 
T= 24] 
g 


Show that this equation is dimensionally consistent. 


Solution 


The period 7 has dimensions T. For the right-hand side of the equation we 
have 


|anVifa] = [2m] ((/I9))/? = 1 x (L/L Ty)? = (12)? =. 


So both sides of the equation have dimensions T, and the equation is dimen- 
sionally consistent. 


Example 2.3 


In Solution 1.8 the total time taken to park and walk to the shops and back 
was modelled as 
kh 22 
fot =, 
LU 
Determine the dimensions for k that ensure that this equation is dimension- 
ally consistent. 


Note that energy and torque 


have the same dimensions 


although they are different 


physical quantities. 
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Solution 


All three terms in the equation, t, k/a and 22/v, must have the same di- 
mensions if the equation is to be dimensionally consistent. We have 


f}=T and [2x/v) = [2] [x]/[v] = 1x L/(LT) =T, 


so dimensional consistency is assured if [A/a] = [k]/[x] = T. Since [a] = L, 
this means that we must have {[k] = LT for dimensional consistency. ll 


Example 2.3 illustrates that when checking for dimensional consistency, each 
additive term must be checked separately: although we can multiply, divide 
and take powers of dimensions, we can add or subtract only terms which 
have the same dimensions. It also shows how dimensional consistency can 
be used to determine the units of parameters of models. 


*Exercise 2.2 


Show that the equation 


vy? =u? + 2ag, 


which relates the speed of something moving with constant acceleration a 
to the distance x travelled, is dimensionally consistent. 


Exercise 2.3 

A mathematical model of pollution in a lake leads to the differential equation 
dm 
dt 

where m(t) is the mass of pollutant in the lake at time t, and k = r/V, where 


r is the volume flow rate of water through the lake and V is the volume of 
water in the lake. Show that this equation is dimensionally consistent. 


ah m(t), 


*Exercise 2.4 


The magnitude F of the air resistance force on an object can be modelled, 
in certain circumstances, as 


R= Dv", 


where c2 is a constant, D is the effective diameter of the object and v is 
its speed. Use dimensional consistency to determine the dimensions of the 
constant co. What SI units would be used to measure cy? 


We have seen how to check for dimensional consistency in equations where 
the additive terms involve multiplying, dividing or taking powers. But 
many of the models you have seen in the course involve functions such as 
exp, In, sin, cos, and so on. How does one check for dimensional consis- 
tency in such cases? For example, the solution of the differential equation 
dm/dt = —km/(t) in the lake pollution model is 


m(t) = m(0) e~*, (2.1) 


where m(0) is the initial mass of pollutant. To be able to check for di- 
mensional consistency in this equation, we need to be able to find the di- 
mensions of e~*'. Now we know that exp, In, sin, cos, and so on, all have 
real numbers as their domains and image sets. Therefore, for dimensional 
consistency, the argument x of the function must be dimensionless, and we 
can take e”, Ina, sinx, cosx, and so on, to be dimensionless. So the key to 
checking for dimensional consistency in equations involving such functions 
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Hint: A derivative is 
essentially a ratio, or fraction, 
so its dimensions are those of 
its numerator divided by 
those of its denominator. 


See Unit 6, Subsection 4.2. 
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is to ensure that their arguments are dimensionless. In the above case, we 
know from the equation k = r/V given in Exercise 2.3 that [k] = [r/V] = 
PrjVvi = @r-)) x (4) = T—, so |—ki] = 1. Hence fe] = 1, and 
Equation (2.1) is dimensionally consistent, since [m(t)] = [m(0)] = M. 


Sometimes, however, the arguments of such functions are not dimension- 
less. For example, in obtaining Equation (2.1), one might have begun by 
using the separation of variables method to solve the differential equation 
dm/dt = —km(t) and obtained 


Inm(t) = —kt + C, (2.2) 


where C is an arbitrary constant. Now m(t) is not dimensionless (it has 
dimensions M), so we cannot determine the dimensions of In m/(t). However, 
putting t = 0 into Equation (2.2) gives C = Inm(0), and this enables us to 
rewrite Equation (2.2) as 


i (=) asf (2.3) 


where [m(t)/m(0)] = M/M = 1. So now the argument of In is dimensionless, 
and it is an easy matter to check for dimensional consistency (both sides of 
Equation (2.3) have dimensions 1). 


Very often, if the argument of a function in an equation is not dimensionless, 
some simple manipulation of the equation can render it so and hence enable 
dimensional consistency to be checked. 


Exercise 2.5 
The solution to a simple harmonic motion problem may be written as 
x(t) = Acos(wt + ¢), 


where x(t) measures the displacement from the equilibrium position at 
time t, and ¢ is the phase angle. What dimensions for A and w will en- 
sure dimensional consistency? 


2.2 Change of units 


There is now almost universal acceptance of the SI system in professional 
scientific and engineering circles. This system is based on seven base units, 
of which the following four are used in this course. 


Table 2.2 
Physical quantity Unit Abbreviation 
length metre m 
mass kilogram kg 
time second Ss 
temperature kelvin K 


The other three base units are the ampere (the unit of electric current), 
the candela (the unit of luminous intensity), and the mole (the unit of the 
amount of substance). 


In addition, there are various derived units in common use, which can be 
formed by combining the above base units. For example, we have already 
introduced the newton (N) as the unit of force and the joule (J) as the unit 
of energy. In terms of the base units, 1 N = 1kgms~? and 1J = 1kgm?s~?. 
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To avoid very large or very small numbers, we also use multiple or fractional 
units. For example, the distance between London and Edinburgh is more 
conveniently expressed as 665km (kilometres), rather than 6.65 x 10° m. 
Similarly, the thickness of copper used in a central heating pipe is usually 
stated to be 1mm (millimetres), rather than 1 x 10~? m. The most impor- 
tant prefixes for forming these units are given in Table 2.3. 


Table 2.3 


Multiplication factor Prefix Symbol 
10° =1000000000  giga G 


10° = 1000000 mega M 
10? = 1000 kilo k 
10-2 = 0.01 centi c 
10-* = 0.001 milli m 
10~° = 0.000001 micro m 
10-° = 0.000000001 nano n 


For example, the pressure of the atmosphere, which is about 10°Nm7?, is 
sometimes written 100kN m7, i.e. 100 kilonewtons per square metre. The 
conversion between such alternative units is quite straightforward but does 
need some care! For example, if we wish to convert 6 kilometres into metres, 
we know that 


1km = 10° m, 
so the conversion factor from kilometres to metres is 
10? m = 1) 
lkm * * 
Using this conversion factor, we have 
10° 
6km = 6km x a) =6x 103m. 
1lkm 


In this calculation we have, in essence, treated the units in a similar way 
to algebraic quantities and ‘cancelled’ the ‘km’ between the numerator and 
denominator. 


Example 2.4 
The speed of a car is 50kmh~!. Express this speed in the SI units of ms~!. 
Solution 
We have 

1km = 10°m 
and 

1 h = 60min = 60 x 60s. 
So 

3 -1 
50kmh~! = 50kmh! x (=) x (exe 
= 50x 10" x60 x 60“ me 


= 13.89ms 1. 
So the speed of the car is 13.89ms~!. 
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This example may seem 
trivial, but the method used 
here can be used in more 
complicated problems. 


Section 2. Dimensional consistency and change of units 


*Exercise 2.6 


The density of mercury is 13.546 gcm~?. Express this density in the SI units 
of kgm7°. 


Unfortunately, the metric system of units is not the one in everyday use 
everywhere, particularly in the United Kingdom and in the United States of 
America, where lengths may be measured in inches, feet and miles, masses 
in ounces, pounds and tons, and temperatures in degrees Fahrenheit. The 
method we have used above can equally be used to convert between such 
units and SI units. However, when converting between imperial and metric 
systems of units, the conversion factors are not ‘nice round numbers’. For 
example, 


1lb = 0.453 592 37 kg. 


Some of the common conversion factors between imperial and SI units are 
given in Table 2.4. 


Table 2.4 
Imperial unit SI unit 
lin 2.54 x 10-?m 
1 ft 0.3048 m 
1 mile 1.609 344 x 10° m 
1 pint 5.682613 x 10-4 m3 
1 gallon 4.54609 x 1073 m3 
1 oz 2.834952 x 107? kg 
1 lb 0.453 592 37 keg 
1 ton 1.016 047 x 10° kg 
Example 2.5 
The speed of a car is 80 miles per hour. Express this speed in SI units. 
Solution 
We have 


1 mile = 1.609344 x 10°'m 
and 

1 hour = 60 x 60s. 
So 


30 miles hour~! = 30 miles hour™! x ( 7 al [ee 
= 30 x 1.609344 x 10° x 60°! x 60>! ms“ 


=13.41ms!. @ 


*Exercise 2.7 


The pressure on a piston is 61.00 1b per square inch. Express this pressure 
(to 4 s.f.) in the SI units of kgm~?. 


1.609 344 x on) : (S x 60s 


. 


In the SI system, pressure is 
force per unit area, not mass 
per unit area. To convert our 
answer here to the correct 
units, we would have to 
multiply it by g. 
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End-of-section Exercises 


*Exercise 2.8 


One term in the following equation is in error: 
z =F su — gz = constant, 
p 


where p is the pressure of a fluid, p is its density, u is its speed, g is the 
magnitude of the acceleration due to gravity, and z is the height above some 
datum. By checking the dimensions of each term of the equation, find which 
term is in error, and suggest how it might be made dimensionally correct. 
(The dimensions of pressure are ML~! T~?.) 


Exercise 2.9 


Before a recent holiday to South America, I was unable to buy local currency 
in the UK. So I bought US dollars in the UK, the exchange rate being 
£1 = $1.75. In Bolivia, I exchanged my dollars for the local currency, the 
rate of exchange being $1 = 7.75 boliviano. How much was 1 boliviano 
worth in £? 


3 The method of dimensional analysis 


In the last section, we used the base dimensions of physical quantities to 
check the consistency of equations and to find the dimensions of parameters 
in equations. However, the fact that an equation must be dimensionally 
consistent can be used to suggest the possible form of the relationship be- 
tween the physical quantities involved in modelling a situation. This process 
is called the method of dimensional analysis. 


We shall illustrate the method by considering the example of a projectile, 
which we have met previously in Unit 14, Section 2. Our aim is to find 
the form of the formula for the range of a projectile thrown on horizontal 
ground in terms of the parameters involved in the situation. If we assume 
that the projectile is thrown from ground level and neglect any effects due 
to air resistance, the principal quantities involved in the situation are those 
listed in Table 3.1. 


Table 3.1 

Physical quantity Symbol Dimensions 
Range of projectile R L 
Mass of projectile m M 
Launch speed of projectile u Le 
Launch angle of projectile 0 1 
Magnitude of acceleration due to gravity g | Ba 
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In this case we already know 
the formula, but this example 
illustrates the general method 
in a situation with which we 
are already familiar. 


Section 3 The method of dimensional analysis 


Our aim is to find the range R as a function of the four parameters. In other 
words, we are looking for a function f of four variables such that 


R= f(m,u, 6,9). 
We shall begin by assuming that 
R=km* uP 679°, (3.1) 


where k is a (dimensionless) real number, and the powers a, 3, y and 6 are 
to be found. 


For this equation to be dimensionally consistent, we must have 
[R] = [km w? 8? g?] 
= [K] fre] [ul]? [617 [9]. 
In terms of the base dimensions, we have 
L = M? (LT7')§ (LT~?)9 
= Mo Lor a a 


as k and @ are dimensionless. Equating powers of M, L and T on both sides 
of this equation, we have 


O=a, 1=6+4+6, 0=—G- 26. 
Solving these equations for a, 9, y and 6 gives 
a= 0, B = 2, 6=-1. 


So the requirement that the equation must be dimensionally consistent has 
given us values of a, 3 and 6. Because the parameter 6 is dimensionless, the 
method cannot give us a value for ¥. 


We have shown that 
R=kwgi 


is dimensionally consistent for any value of the power y. We can take a linear 
combination of such expressions (and still be dimensionally consistent), so 
the best we can deduce is that 


uz 


R=k(6)u? gt = k(6) i (3.2) 
As the launch angle @ is dimensionless, the function k(@) is also dimension- 
less, and Equation (3.2) is dimensionally consistent. Dimensional analysis 
can tell us nothing further about the form of the function k(0). In order to 
find this function, we would have to use Newton’s second law to determine 
it analytically, as we did in Unit 14, finding that 


k(0) = sin 20, 
or we would have to use a suitable experiment to find it numerically. 


In the following exercise, we shall find the form of the relationship for the 
period of a pendulum. From Unit 8, Section 2 we already know this rela- 
tionship for small oscillations of the pendulum, where we can use the ap- 
proximation sin @ ~ 6 throughout the oscillations, but here we shall consider 
the case of large oscillations. 
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*Exercise 3.1 


A pendulum is oscillating in a vertical plane. Use dimensional analysis to 
find a possible form for the expression for the period 7 of the pendulum 
in terms of the mass m of the bob, the length J of the pendulum stem, 
the angular amplitude ® of the oscillations, and g, the magnitude of the 
acceleration due to gravity. 


In Exercise 3.1, we derived the result 


T= k(®),/- (3.3) 
g 

for the period of a pendulum. You may have been disappointed in this re- 
sult, in that we have not been able to determine the function k(®). But in 
fact the result is very powerful. First, it shows that the period of oscillations 
of the pendulum is independent of the mass of the bob — a fact that we 
can easily verify by experiment in situations where air resistance is small. 
Secondly, it implies that for given angular amplitude, the period is propor- 
tional to \/1/g. So if we determine the period of oscillations for one known 
length of pendulum stem for a particular angular amplitude, say ® = aT, 
then we can deduce the period of oscillation of any pendulum, no matter 
what its length is, for this amplitude, even if the pendulum is on Mars! 


Let us now return to our initial assumption that the relationship between 
the parameters involves their powers, such as in Equation (3.1). You might 
think that the relationship could involve transcendental functions such as 
exp, In, sin, cos, tan, and so on. However, as we remarked in Section 2, 
the argument of any such function must be dimensionless. In our previous 
example of the simple pendulum, if we ignore air resistance, there is no 
dimensionless combination of the parameters m, | and g, so the only possible 
transcendental function involved is in the term k(®). 


So far we have discussed situations where there is only one possible combina- 
tion of the parameters with the required dimensions. We shall now discuss 
a situation where this is not the case. We consider again our investigation 
of the range of a projectile, but include air resistance. Now the important 
parameters are R, m, u, 6, g (as before) and air resistance F’. (Of course, 
air resistance is a function of speed, not a parameter, but we can define F’ 
to be the magnitude of the air resistance at a typical speed, such as the 
launch speed wu). These parameters are listed in Table 3.2, together with 
their dimensions. 


Table 3.2 

Physical quantity Symbol Dimensions 
Range of projectile R L 
Mass of projectile m M 
Launch speed u | a 
Launch angle 7) 1 
Acceleration due to gravity g LT 
Typical air resistance F MLT- 
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In this exercise we neglect air 
resistance. 


Section 3 The method of dimensional analysis 


Again, we shall assume a relationship between these parameters of the form 
R=km% uh 9 F*, (3.4) 


where k is a dimensionless number. For this equation to be dimensionally 
consistent, we must have 


[R] = [km ul? 67 g? F*| 
= [k] [m]* [ud]? (017 (ol? LFF. 
In terms of the base dimensions M, L and T, we have 
Le Me(LT (LTP aLTt- 
= Mate LBtite p—B-25—2¢ 


as k and @ are dimensionless. Equating powers of M, L and T on both sides 
of this equation, we have 


a+te=0, 6+d+e=1, —-G-—26-2¢=0. 


As before, the constant y remains indeterminate. By adding twice the second 
of these three equations to the third, we deduce that G = 2. But we still 
have two equations, namely 


afe=0, o+te=—1, 
in the three unknowns a, 6 and e. 


To proceed, we choose to write two of these unknowns in terms of the third. 
If we let ¢ = a, where a is an unknown parameter, then we have a = —a 
and 6 = —1—a. Equation (3.4) becomes 


R=km-“*u? 6% g-1-* F¢ 


2 
le (=). 
g mg 


Each choice of values of the parameters y and a gives a possible expression 
for the range R, as does a linear combination of these possibilities. More 
generally, we can write 


a #( =), (3.5) 
g mg 


where f is a function of two variables. The two quantities 6 and F'/mg are 
dimensionless. 


You may be wondering whether we would have arrived at a different result if, 
when solving the equations a + ¢ = 0, 6+ «¢ = —1, we had made a different 
choice than ¢ = a for the unknown parameter. Suppose that we let 6 = b 
instead. Then the solution of the equations is a= 1+b and «= —1-—b. So 
Equation (3.4) becomes 


R= km}t ur 67 q° Foie 


and we deduce that the general expression for the range is 


where h is a function of two variables. 
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At first sight this appears different from Equation (3.5). However, 


Te 0) SEO R) 


I| 
© |S, 
oS, 
, 
S 
é|% 
Ne” 


where 


f2.4) = wae, 7 , 


(Similarly, if we had made a third possible choice, and let a = c, we would 
again have arrived at an expression for the range R which is equivalent to 
Equation (3.5).) 


Dimensionless combinations of physical quantities, such as F'/mg in Equa- 
tion (3.5), are called dimensionless groups. These are particularly impor- 
tant in situations where we cannot find an analytical solution to our model. 
For example, in the case of the range of a projectile with air resistance, 
Equation (3.5) means that we have reduced the problem to finding, either 
numerically or by experiment, an unknown function of two dimensionless 
groups, namely 6 and F'/mg, so we do not have to consider the effect of 
varying every individual parameter involved in the model. 


The above discussion of the range of a projectile, taking into account the 
effects of air resistance, illustrates the method of dimensional analysis which 
is summarized in the following box. 


The method of dimensional analysis 


1. List the parameters y, 71, %2,...,% which represent the important 
features involved in the situation being modelled, and determine 
their dimensions. 

2. Assume a relationship involving the powers of these parameters, 
namely 


B 


= het eo, = 2 


n? 
where k is a dimensionless constant. 
3. Use the principle of dimensional consistency to write 
[y] = [x1] [2}? [x3]” --- [rnl”, 


and equate the powers of M, L, T and © on both sides of this 


equation. 

4. Solve the four simultaneous equations obtained in Step 3 for the 
powers a, 3,...,v. This solution will usually involve unknown pa- 
rameters. 


5. Substitute for the powers in the expression in Step 2, and rewrite 
it in terms of dimensionless groups. Hence write down a general 
expression for y, which will usually involve an unknown function of 
these dimensionless groups. 
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Section 4 A case study of modelling: Transient heat transfer 1 — Creating the model 


*Exercise 3.2 


Use dimensional analysis to find an expression for the drag force F’ acting 
on a sphere moving through a viscous fluid, assuming that it depends on 
only the speed v of the sphere, the radius r of the sphere, the density p of 
the fluid, and the viscosity jz of the fluid. (The dimensions of viscosity are 
i ol ae 


End-of-section Exercises 


Exercise 3.3 


Use dimensional analysis to find an expression for the frequency 2 of vibra- 
tion of a guitar string, assuming that it depends on only the mass m of the 
string, the length / of the string, and the tension H of the string. 


Exercise 3.4 


Consider water flowing through a horizontal smooth pipe. Use dimensional 
analysis to find an expression for the speed u of the water in the pipe, 
assuming that it depends on only the pressure difference p between the two 
ends of the pipe, the length | of the pipe, the diameter d of the pipe, the 
density p of water, and the viscosity ju of water. (The dimensions of pressure 
are ML~! T~? and the dimensions of viscosity are ML~! T~! .) 


4 Acase study of modelling: Transient 
heat transfer 1 — Creating the model 


In the first three sections of this unit we have introduced the modelling cycle 
and discussed some of the skills required in modelling. In this section we see 
how the modelling cycle can be applied to a problem which you probably face 
every day, although you might not have thought of using your mathematical 
skills to solve it! 


In Unit 15 we considered steady-state heat transfer by conduction and con- 
vection. In this section we shall see how the ideas we have developed can be 
applied to situations in which the temperature varies with time. 
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Specify the purpose 


In particular, we are going to explore the following problem. 


Immediately after a cup of tea is poured out, it is usually too hot to 
drink. How long does it have to be left to cool before it is drinkable? 
More generally, how does the temperature of the cooling tea vary with 
time? 
This is not, on the face of it, a terribly important problem. However, there 
are many different situations in which cooling plays a significant role, some of 
which are of considerable importance — particularly in industry. Analogous 
domestic situations include the cooling of a hot-water tank and the warming 
of a cool box. The problem of the cooling of a cup of tea has been chosen 
because it is a familiar and simple example which involves the principles 
that apply in most cooling problems. 


At this stage it would be sensible to conduct an experiment by making a cup 
of tea, resisting the temptation to drink it, and measuring its temperature at 
regular intervals. The data I collected in such an experiment are presented 
in the next section. As you might expect: 

e the temperature of the tea decreased with time; 

e the rate of decrease of temperature was greater at higher temperatures. 


This type of experiment allows us to get a ‘feel’ for the situation being 
modelled, and provides data which we can use to validate the model we 
develop. 


Create the model 


The cooling of the tea occurs through conduction, convection and radia- 
tion. Also, when the tea is hot, steam rises from its surface, so it is likely 
that evaporation plays a role in the cooling process. However, to keep the 
modelling simple, initially we shall consider just one form of heat loss: con- 
vection from the surface of the tea. As with all modelling, it is better to 
develop a simple model first, which you can be reasonably confident will 
produce an answer. Improvements can be made gradually, but only if you 
have something that actually works on which to improve. 


The outside of a cup containing hot tea is a lot cooler than the tea itself: 
after all, one reason why china, for example, is used to make cups is that it is 
a good insulator. So heat is probably lost much more slowly by conduction 
through the cup than it is by convection through the surface of the tea. As a 
first model, it therefore seems sensible to ignore all forms of heat loss except 
convection from the surface of the tea. 


In Unit 15, Section 3, we used the formula 
q = hA(Q, — @2) (4.1) 


to model steady-state convective heat transfer. Here, there are two con- 
vective heat transfers at the surface of the tea: one from the tea itself to 
the surface, and one from the surface to the air. If we denote the ambient 
temperature of the tea by Otea and the temperature of the surface by 0}, 
then the convective heat transfer from the tea to the surface is modelled as 


q= hteaA(Otea —_ 04), (4.2) 


where q is the rate of loss of heat energy from the cup of tea, htea is the 
convective heat transfer coefficient between the tea and the surface, and A 
is the area of the surface of the tea. 
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The data are given in 
Table 5.1. 


This is Equation (3.1) in 
Unit 15, Section 3. 


Section 4 A case study of modelling: Transient heat transfer 1 — Creating the model 


Similarly, the convective heat transfer from the surface to the air is modelled 
as 


qi= hair A(O1 7 Coie, (4.3) 
where hair is the convective heat transfer coefficient between the surface and 
the air, and O,zj; is the ambient temperature of the air. 

*Exercise 4.1 


Eliminate 9, from Equations (4.2) and (4.3) to obtain an equation modelling 
the rate of convective heat transfer from the tea to the air. 


In the solution to Exercise 4.1 we showed that the heat loss from the tea to 
the air is given by 


q= UA(Otea _ Bus), (4.4) 
where 
1 14 
= . 4. 
© (— ‘ =] ( ®) 


Now Equation (4.1) applies only when the temperature differences remain 
constant in time. This is definitely not true of the situation under consid- 
eration — indeed, the whole point is to find how the temperature of the 
tea varies with time. But we can get round this by assuming that over a 
short interval of time the temperature of the tea remains effectively con- 
stant. We can then, for a short time interval, use the steady-state result 
given by Equation (4.1) as an approximation, which improves as the time 
interval gets shorter and shorter. Therefore, using this assumption, in a 
short time interval [t,t + dt], the rate of loss of heat energy by convection 
from the surface of the tea can be approximated as 


q(t) ~ U A(Otea(t) = Bite) 


The quantity of heat energy lost over the time interval can therefore be 
approximated as 


g(t) dt ~ UA(Oea(t) — Onin) ot. 


At the beginning of the time interval, the temperature of the tea is Otea(t), 
whereas at the end of the interval it is Otea(t + dt). Hence, using Equa- 
tion (1.1) of Unit 15, the ‘accumulation’ dF of heat energy in the tea over 
the interval is 


Ob = MC (Otea(t + ot) — Gizalt)) ’ 


where m is the mass of the tea and c is its specific heat capacity. We now 
apply the input—output principle 


to the amount of heat energy in the cup of tea over the time interval [t, t + dt]. 
Since there is no input of heat energy to the tea, we obtain 


me (Otea(t + dt) — Otea(t)) + 0 — UA(Otea(t) — air) St. 
Rearranging this equation, we obtain 
Otea(t + 6t) — Otea(t) UA 


ot mc 


(Osan (t) _ Oar) . 


U is the U-value for the loss 
of heat energy from the tea to 
the air. 


This sort of assumption is a 
standard modelling device. 
You met versions of it in 
modelling a population in 
Unit 2. 


Note that we now consider q 
and Otea to be functions of 
time ft. 


In this case the 
‘accumulation’ is negative. 


Unit 16 Interpretation of mathematical models 


This approximation gets more and more accurate as dt gets smaller, so taking 
the limit as 6t — 0 gives the differential equation 
dO tea 
dt 


where \ = UA/(mc). This model of the cooling process is usually referred 
to as Newton’s law of cooling. 


= —A(Otea(t) — Pair), (4.6) 


Exercise 4.2 


Show that Equation (4.6) is dimensionally consistent. 


This completes the second stage (create the model) of the modelling pro- 
cess outlined in Section 1. You will recall that the second stage involves 
stating assumptions, choosing variables and parameters, and formulating 
mathematical relationships. We have clearly formulated mathematical rela- 
tionships, culminating in Equation (4.6), and we have defined our variables 
and parameters at various points in this section and in Unit 15. But we 
have not explicitly listed the assumptions made in deriving the model. 


*Exercise 4.3 


Make a list of the assumptions made in deriving the above model for the 
cooling of a cup of tea. 


Do the mathematics 


Our aim is to find how the temperature Oje, of the tea changes with time t. 
We can do this by solving Equation (4.6). But before doing so, it is worth 
asking whether it predicts the right kind of behaviour for Oe. 


Exercise 4.4 


(a) Qualitatively, how would you expect the rate of change of temperature 
dOtea/dt to depend on the temperature Otea of the tea? 


(b) Is Equation (4.6) consistent with what you would expect? 


Having confirmed that the differential equation predicts the right kind of 
behaviour for Oje,, our next task is to solve it, assuming that we know the 
initial temperature Oo of the tea. 


152 


Notice that this differential 
equation is of a familiar form 


(see Unit 2). 


Section 4 A case study of modelling: Transient heat transfer 1 — Creating the model 


*Exercise 4.5 


Find the particular solution of the differential equation 


dO 
— = —X(Otea = Oe) 
that satisfies the initial condition Otea(0) = Oo, assuming that Ogi, is a 
constant. 


From Exercise 4.5, the required particular solution of the differential equa- 
tion is 

Cent) = Oair + (Oo _ Oairye™*, where \ = (4.7) 
This formula agrees with common sense. For O09 > Oair, the temperature 
Otea decreases with time and tends to Ogi; in the long term. The temperature 
difference Otea — Oair decreases exponentially with time and so decreases at 
a slower rate for smaller temperature differences. The temperature will fall 
more quickly if the surface area A is increased: that seems right, because 
in that case there will be more surface area from which the heat energy 
can dissipate. Indeed, to make her tea cool more quickly to a drinkable 
temperature, my grandmother used to pour her tea into the saucer, thus 
increasing the surface area A (and decreasing the mass m). Similarly, the 
rate of decrease of temperature will increase if the U-value U is increased, 
which again seems intuitively correct — my grandmother also used to blow 
on her tea, which increased the value of hai; and so U. On the other hand, 
if we have more tea (keeping A and U constant), it will cool more slowly: a 
greater mass will hold more heat energy, and the loss of a given amount of 
heat energy will result in a smaller drop in temperature. 


It remains to answer the original specific question: how long will it be before 
the tea is drinkable? Mathematically, it is simply a matter of setting Otea(t) 
equal to the temperature at which tea becomes drinkable, say Or, and 
solving for t. Suppose that Otea(t) = Or at time t = T, ie. Otea(T) = Or. 
Using Equation (4.7) gives 


Or = Our =" 


Or — Our = (Oo = Oair)e 7, sO O5— Osun =e”, 
hence 
1 Oo — OQair MC Oo — OQair 
—_] = ] . 4. 
os (So) UA 0 (BS) a) 


Exercise 4.6 


Show that Equation (4.8) is dimensionally consistent. 
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Interpret the results 


In order to obtain an explicit numerical answer, the values of the various 
parameters in Equation (4.8) need to be known. Table 4.1 shows values I 
obtained for a cup of tea I made while writing this unit, where in each case 
I have indicated how I found that value. 


Table 4.1 


Parameter Value How obtained 


m 0.25 kg Weigh a full and an empty cup 
c 4190 Jkg-'K~! — Use value for water given in 
Table 1.1 of Unit 15 
U 9.804 Wm? K~! Use Equation (4.5) and 
Table 3.2 of Unit 15 
A 0.004 07 m? Measure diameter of top of cup 
Oo 80°C Measure with thermometer 
Onir LAo°G Measure with thermometer 
Or 60°C Sample, then measure with 


thermometer 


With these values we obtain \ = 3.809 x 107° s~! and T = 10 120s (rounded 
to the nearest ten seconds). In other words, the time taken for the tea to 
cool enough to be drinkable is estimated to be about 2 hours 50 minutes! 


Evaluate the outcomes 


How does the model compare with reality? Well, you will not be surprised 
that my cup of tea took considerably less time, namely 12 minutes 50 sec- 
onds, to cool from 80°C to 60°C. So the estimate provided by our model 
compares very badly with reality. Nevertheless, the qualitative prediction of 
an exponential decrease of temperature, given by Equation (4.7), may com- 
pare well with reality, at least for a different value of A. We shall explore 
and extend this comparison with reality in the next section, using Mathcad. 


End-of-section Exercises 


*Exercise 4.7 


When I go on holiday, I use a small travel immersion heater, placed in a cup 
of water, to make an early morning cup of tea. While the heater is heating 
up the water in the cup, the water is itself losing heat to the surroundings. 
You are asked to develop a model for this situation. 


For the sake of simplicity, assume that the loss of heat energy from the water 
is due only to convection from the surface area A of the water. Denote the 
mass of water by m, the specific heat capacity of water by c, the U-value 
for the convective heat transfer from the water to the air by U, and the 
temperature of the water at time t by Owater(t). Assume that the heater in 
the water supplies heat energy at a constant rate Q. 
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The values 

hair = 10 Wm? K~! and 
htea = 500 W m-? K~! 
obtained from Table 3.2 of 
Unit 15 were used to 
calculate U. 


The ambient temperature of 
the air decreased from 18°C 
to 17°C during the cooling 
period, so the average 17.5°C 
is used here. 


Below we have linked the 
parts of the exercises to the 
five stages of the modelling 
process which we introduced 
in Section 1. 


Specify the purpose 


Create the model 


Section 4 A case study of modelling: Transient heat transfer 1 — Creating the model 


(a) What is the accumulation of heat energy in the cup of water over a short 
time interval [t,t + dt]? What is the amount of heat energy supplied 
to the cup of water by the heater in that time interval? What is the 
amount of heat energy lost from the cup of water by convection from 
the surface of the water in that time interval? 


(b) By using the input-output principle applied to the heat energy of the 
water in the time interval [t,t + dt], show that the temperature of the 
cup of water satisfies the differential equation 


water A 
dO vrater = a — A(Owater — Qair), where \ = =, 
dt me me 


(c) Find the particular solution of the above differential equation that sat- 
isfies the initial condition Owater(0) = Oair- 


(d) Sketch the graph of the particular solution you found in part (c). Does 
this graph correspond with what you would expect from a cup of water 
while it is being heated? 


(e) Find an expression for the time T it takes for the water to reach boiling 
point, based on this model. 


(f) Use the data in Table 4.1 to estimate the time it takes to boil the water 
in the cup, starting from water at a room temperature of 17°C, given 
that the heater has a power rating of 350 W. 


(g) Comment on your estimate, given that when I used my heater to boil 
water in my cup, starting at 17°C, it took about 4 minutes 25 seconds. 


Exercise 4.8 


In this exercise, you are asked to estimate the time taken to heat the water 
in a full tea-urn from room temperature to boiling point. The tea-urn is 
cylindrical, with diameter 350mm and height 515mm. It has a circular lid 
and stands on a wooden table. The capacity of the tea-urn is 30 litres, and 
it is fitted with a 3kW heating element. 


The tea-urn is constructed from a thin sheet of metal which is a good con- 
ductor of heat energy. It seems reasonable, therefore, to assume that the 
outside metal surface of the tea-urn has the same temperature as the water 
inside the tea-urn. This assumption means that if we ignore the effects of 
radiation and any heat energy loss from the bottom of the tea-urn, the only 
mode of heat transfer is by convection from the curved sides and from the 
lid of the tea-urn. 


(a) By analogy with Exercise 4.7, write down the differential equation that 
models the variation of the temperature of the water in the tea-urn. 


(b) Find the particular solution of this differential equation such that the 
initial temperature of the water is equal to the room temperature. Find 
also an expression for the time it takes for the water to reach a given 
temperature Or, based on this model. 


(c) If the room temperature is 20°C and the convective heat transfer co- 
efficient between the surfaces of the tea-urn and the surrounding air 
is 10Wm-?K~|!, according to the model how long will it take for the 
water in the tea-urn to reach boiling point? 


(d) Comment on your answer to part (c), given that the publicity brochure 
for the tea-urn quotes a boiling time of 70 minutes. 


Do the mathematics 


Interpret the results 


Evaluate the outcomes 


Specify the purpose 


Assume that 1 litre of water 


has mass 1 kilogram. 


Create the model 


Do the mathematics 


Interpret the results 


Evaluate the outcomes 
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5 A case study of modelling: Transient 
heat transfer 2 — Evaluating and 
revising the model 


In the previous section we developed a model for the cooling of a cup of tea 
which resulted in Equation (4.7), namely 


Otea(t) = Oair + (Oo — Oair)e™, where \ = a (5.1) 
We saw that this predicted that it would take 2 hours 50 minutes for the 
cup of tea to become drinkable, whereas in reality it took only 12 minutes 
50 seconds! Our model assumed that the tea cooled principally by con- 
vection from its surface, and convective heat transfer coefficients are not 
known with any accuracy. It is possible that this lack of accuracy in one 
of the main parameters in our model could explain the gross discrepancy 
between our prediction of the cooling time and the actual time. If this is 
the case, our prediction of an exponential decrease of temperature, given by 
Equation (5.1) should compare well with reality for some value of X. 


In Table 5.1 I have tabulated the temperature of my cup of tea over a 
period of 90 minutes — my tea was practically cold by the time I got round 
to drinking it! A plot of these data is shown in Figure 5.1. From this graph, 
it would certainly appear that the data might fit well with a decreasing 
exponential function. 


Table 5.1 


Time ‘Temperature 
(minutes) of tea (°C) 


0 80 
i ve 
2 75 
3 735 
4 72 
5 704 
6 69 
7 674 
8 66 
9 65 

10 635 

2 61 

14 59 

16 57 

18 55 

20 53 

25 495 

30 46 

35 435 

40 41 

45 39 

60 344 

75 303 

90 275 
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Figure 5.1 Graph of temperature against time for the 
cooling of a cup of tea 


In the following Mathcad Activity you are asked to investigate an exponen- 
tial model 


O(t) = Oair + Ce (5.2) 


with the experimental data given in Table 5.1. The worksheet automatically 
calculates the parameters C’ and A which best fit the data, but you are asked 
to: 


e plot the experimental data and the best-fit exponential model, in order 
to assess how good the model is; 


e use a solve block to find the time predicted by the model for the tea to 
cool to 60°C. 


Note that the worksheet uses units of min@! for the value of A, rather than 
the SI units of s7!. 


Use your computer to complete the following activities. p PC 


*Activity 5.1 
Investigate the exponential model 
O(t) = Oair + Ce 


for the temperature of a cooling cup of tea. 


(a) Plot the experimental data and the values predicted by the model. 


(b) Find the time predicted by the model for the temperature of the tea to 
cool to 60°C. 
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Exercise 5.1 


Using the best-fit exponential model to the data given in Figure 5.1, we saw 
in Activity 5.1 that the value of is 0.023 min~!, or 3.911 x 1074s7!, which 
differs from the value obtained using Table 4.1 by a factor of ten. Calculate 
the value of U that would result in this value for A, assuming that the other 
data values in Table 4.1 are correct. Assuming that hte, = 500 Wm? K~!, 
as before, what is the corresponding value of hair? 


From Activity 5.1, it is clear that my experimental data for the cooling of a 
cup of tea cannot be well fitted by an exponential model. So my cup of tea 
did not cool exponentially: either its initial rate of cooling was too great, or 
its final rate of cooling was too small, or both. 


In order to improve the model, we need to reconsider the assumptions we 
made in setting up our model. In the solution to Exercise 5.1 we saw that, 
to predict the actual rate of cooling, a convective heat transfer coefficient 
from the tea surface to the air of approximately 126 Wm? K~! would be 
required, assuming that all the other data values are correct. This value 
is over ten times larger than the value given in Table 3.2 of Unit 15, and 
is outside the range of typical convective heat transfer coefficients for gases 
given in Table 3.1 of Unit 15. This suggests that the discrepancy in the 
value of A may not be solely due to uncertainties in the value of U. 


In fact, better results can be obtained if we revise the model to include 
the heat energy losses by conduction and convection through the sides of 
the cup. The revised model does result in a much larger value of A, but 
one that is still not very close to the experimental value. Also, the revised 
model still does not match the non-exponential cooling demonstrated by 
the experimental data. In order to predict non-exponential cooling, our 
model would need to incorporate cooling processes other than conduction 
and convection, such as radiation and evaporation. 


An alternative mechanism that we have not yet explored is that initially 
hot tea is poured into a cold cup. So the heat energy of the tea is used 
initially to heat up the material of the cup until tea and cup have almost 
the same temperature. This is borne out by measuring the temperature of 
the outside of the cup. Immediately after pouring the tea, this temperature 
is the ambient air temperature. But then the temperature of the outside of 
the cup increases until it is similar to that of the tea. The temperature then 
begins to decrease in parallel with that of the tea. In no phase, however, 
are the temperatures of the tea and the cup the same — the cup heats up 
and cools down more slowly than the tea itself. 


All these three mechanisms — radiation, evaporation and the heating of the 
cup — would be more important for the initial higher temperatures, and 
would result in a rate of cooling initially faster than that predicted by my 
first model. We shall not pursue the modelling of any of these possibilities 
here. 


What we shall do, however, is to assume that the cooling of a cup of tea is 
the sum of two exponential decays, i.e. 


Cica = Cate =p Cie" F Coe 2", (5.3) 


This is the sort of behaviour I would expect from a revised model which 
incorporates the heating of the cup, and possibly from a model incorporating 
evaporation. I would expect more complicated behaviour from a model 
incorporating radiation, as such a model would be non-linear. 
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*Activity 5.2 


Investigate the model 


Q(t) = Oair + Cre"? + Coe? 


for the temperature of a cooling cup of tea. 


(a) Plot the experimental data and the values predicted by the model. 


(b) Find the time predicted by the model for the temperature of the tea to 


cool to 60°C. 


Outcomes 


After studying this unit you should be able to: 


identify the steps in the modelling process, given an example of a piece 
of mathematical modelling; 

write down the simplifying assumptions that underpin a model; 

check that mathematical relationships between variables and parameters 
are dimensionally consistent; 


convert the values of physical quantities from one system of units to 
another; 


use dimensional analysis to find the possible forms of the relationship 
between physical quantities; 


use the input-output principle to apply steady-state models for heat 
transfer to situations where the temperatures are varying; 


use Mathcad to draw graphs; 
use a solve block in Mathcad to solve an equation with one unknown. 


Outcomes 
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Solutions to the exercises 


Section 1 


1.1 (a) The sorts of questions I would ask the manu- 
facturer are as follows. 


It all depends on what you mean by ‘best’. Do 
you mean best for transporting to the supermar- 
ket? Do you mean best for stacking on the su- 
permarket shelf? Or do you mean using the least 
tin-plate when manufacturing the cans? 


Do you have any preferences as to the shape of the 
can (cylindrical, box-shaped, ...)? 
What capacity of can(s) do you want to produce? 


You might have other questions, but I think these are 
the important ones. 


(b) The formulation will depend on the answers to the 
questions posed in part (a). But a possible formulation 
might be as follows. 


Find the height and diameter of a cylindrical can 
containing a specified volume of baked beans which 
uses the minimum area of tin-plate in its manufac- 
ture. 


1.2 Finding the maximum range of a projectile has a 
number of military applications; for example, working 
out whether a ship is within the range of a gun or mis- 
sile. There are applications in sports such as football, 
cricket, golf and basketball, where finding the maximum 
range of the ball might be important, and in the long 
jump, triple jump, hammer, discus and javelin events 
in athletics. 


1.3 My list of assumptions is as follows. 


(a) The baked beans completely fill the tin can with 
no air-gap. 


(b) The surfaces of the can are smooth, with no ridges 
or furrows, so that the can is a perfect cylinder. 


(c) One can ignore the area of tin-plate required to 
make the seams of the can. 


(d) There is no wastage resulting from cutting the cir- 
cular pieces for the ends of the can from sheet material. 


1.4 I think that the most important deficiency in the 
model which would result from the assumptions in So- 
lution 1.3 is due to the fourth assumption: there would 
be significant wastage resulting from the cutting of the 
circular ends. The wastage is 27% of the tin-plate used 
if the circles are stamped in the rectangular pattern 
shown in the next diagram, although there are more 
efficient patterns of stamping. So I would modify as- 
sumption (d) in order to allow for the wastage. 
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1.5 (a) The principal assumptions which were made 
in Unit 8 are as follows. 


(i) The pendulum bob can be modelled as a particle. 
(ii) The pendulum rod is weightless. 

(iii) We can neglect any effects due to air resistance. 
(iv) The motion is confined to a vertical plane. 


(v) We can use the law of conservation of mechanical 
energy. 


(vi) The oscillations are so small that we can apply the 
approximation sin @ ~ @ throughout the motion. 


(b) The main deficiency of the model developed in 
Unit 8 is that it predicts that the pendulum oscillates 
forever. So I would modify the third assumption. In 
fact, in my revised model, I would assume linear air re- 
sistance in order that the resulting differential equation 
could still be solved analytically. In its turn, this means 
that we will have modify assumption (v) to ‘We can use 
Newton’s Law of Motion’. 


(In fact, in Unit 13, Section 4, we modified assump- 
tions (iii) and (vi). However, we could then no longer 
solve the resulting differential equation analytically, and 
had to use the phase diagram to describe the motion 
qualitatively.) 


1.6 The height h is the (vertical) height of the marble 
above the surface of the River Avon vertically below the 
Clifton Suspension Bridge. 


In making this definition, there are some hidden as- 
sumptions: 
e the marble can be treated as a point; 


e the surface of the River Avon is horizontal and its 
height does not change, at least over the period of 
time under consideration. 


1.7 The total force on the shot is calculated. In our 
first model, this is just the weight of the shot, although 
in a revised model you might want to also include air re- 
sistance. This total force is then substituted into New- 
ton’s second law, resulting in a second-order (vector) 
differential equation. 


1.8 To express ¢ in terms of 2, we must work out the 
time taken to find a parking space, and the time taken 
to walk to and from the shops, and add the two to- 
gether. The time taken to find a parking space is as- 
sumed to be inversely proportional to x, so it can be 
written as k/x, where k is a constant. To walk to and 
from the shops you have to walk a distance 2a at a con- 
stant speed of (say) v, which takes a time 22/v. The 
total time is therefore given by 

ko a 

t==—+ —; 

nr) 
All quantities here could be measured in appropriate SI 
units or in any other consistent system of units. (Yards 
and minutes might be considered more suitable than 
metres and seconds.) The constant of proportionality k 
must have units of ms in the SI system. 


The question asks only for the formulation of the prob- 
lem, but it is easy to find the value of « which min- 


(Note that 
the units make sense: since k has units ms and v has 


imizes t, and it turns out to be 4/ 5 kv. 


units ms~+, the units of the answer sku are metres, 


as required.) You know your walking speed v, or can 
easily measure it. The difficulty with this model will be 
to estimate the value of k. One reason for this is that 
although it is stated that k is a constant, it will actu- 
ally vary from day to day, and even during the day. In 
fact, k will depend on how much competition there is 
for parking spaces, i.e. on how many other people want 
to go shopping at the same time as you do. 


1.9 First, find a formula for the area of tin-plate re- 
quired to make a cylindrical can in terms of the dimen- 
sions of the can (its height and its diameter). Secondly, 
find a formula for the volume of the can in terms of 
its dimensions. We are concerned with cans of given 
volume, so we can use the expression for the volume to 
eliminate one of the variables (either the height or the 
diameter of the can) from the formula for the area, so 
expressing the area in terms of just one variable. We 
can then use calculus to find the value of the variable 
which minimizes the area. Finally, we can use the ex- 
pression for the volume to find the value of the other 
variable. 


1.10 The data given are (presumably) fully accurate, 
so we have to consider only an appropriate accuracy 
for the answer. The lowest denomination of currency 
in circulation in the UK is 1 penny (£0.01), which sug- 
gests that an appropriate accuracy for the answer is 
£1182.54. However, this would mean that the loan 
would not be fully repaid after 25 years, although the 
outstanding debt would be only £0.55. So a more ap- 
propriate repayment amount might be £1182.55, which 
would mean that the account would be £5.18 in credit 
after 25 years. So my solution to the problem would be 
as follows. 


In order to repay the loan over 25 years, the repay- 
ment amount should be £1182.55 per month. 


Solutions to the exercises 


1.11 From the question, it is not clear who are the ‘au- 
dience’ for the answer. The time for the object to fall 
100 metres is less than 5 seconds, so in the table below I 
have decided to use an accuracy of 0.01 seconds for the 
answers, and to give answers for intervals of 10 metres 
in the height. The accuracy (of at most 3 significant 
figures) in the answers is consistent with the accuracy 
of 9.81ms~? used for the value of g. 


Height (in metres) Time of fall (in seconds) 


10 1.43 
20 2.02 
30 2.47 
40 2.86 
50 3.19 
60 3.50 
70 3.78 
80 4.04 
90 4.28 
100 4.52 


The outcome of the model is shown as a graph below. 


time of fall (in seconds) 


height (in metres) 


The table would be more appropriate for an audience 
who are less numerate. Also, the answers given in the 
table are more accurate, but are given only for 10-metre 
intervals. The graph can be used for the time of fall for 
any height, but the answers are less accurate (at most to 
2 significant figures). The graph also shows more clearly 
that the time taken to fall through each 10-metre inter- 
val decreases with height — in other words, that the 
speed of fall increases with height. 
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1.12 (a) 
t 


Seer cent cern eee ate 


40- 


305 


20 


roasting time (in min) 


10 pope foe 


| — 
0.5 1.0 1.5 2.0 
weight of joint (in kg) 


From the graph above, it is clear that the data points 
are well-fitted by the straight line 


t= 12+415.2m. 


So the cooking instructions might be ‘roast for 12 min- 
utes plus 15 minutes per kg’. 


(b) 


30 —Hees : Het f = tt i eeeeeeeeat ‘fl 
204s 


10— 


“i 
15 m/s 


From the graph, it is clear that the data points are well- 
fitted by a straight line through the origin. The graph 
shows the straight line 


t = 26.7m?/8, 


which is a good fit, although you might have found a 
slightly different value for c. 


It is intriguing that the same data can be fitted well 
by both a linear model and a two-thirds power model. 
Which one to use really depends on the purpose of the 
model: I certainly would not use the linear model for a 
very small joint. 


1.13 The effect of air resistance is to decrease the mag- 
nitude of the total force acting on the object, so decreas- 
ing the magnitude of its acceleration. I would therefore 
expect the inclusion of air resistance to increase the time 
of fall. 
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1.14 In the revised model, the amount of tin-plate 
required for a cylindrical end of given diameter is in- 
creased, so I would expect the optimum shape for the 
can to be slightly taller than that given by the first 
model. 


Section 2 


2.1 (a) [area] = L? 
(b) [density] =ML~* 
(c) The dimensions of mass m are M, the dimensions 


of the magnitude g of the acceleration due to gravity 
are L T~?, and the dimensions of height h are L. Hence 


[gravitational potential energy] = M x (LT~?) x L 
sir. 
Note that these are the same dimensions as for kinetic 
energy (derived in Example 2.1), as they should be. 
(d) [6] = [/r] = (J [r}* =L x (Ly = 1. 
So angle is a dimensionless quantity, and radians are 
dimensionless units. 


2.2 The symbol v represents a speed, so 
ele=hPr=(LT ss = T™. 
Similarly, u is a speed, so u? has dimensions L? T~?. 
The final term in the equation has dimensions 
[2aa] = [2] [a] [2] = 1% LT) «belt 


also. Hence the equation is dimensionally consistent. 


2.3 The left-hand side of the equation, dm/dt, has the 
same dimensions as m/t, namely MT~+. The right- 
hand side of the equation has dimensions 
—km] = |-<m 
| V 
= [-] [r] [V]~* [rd 
=1%(L?T-) x (L4)* x M= MT. 


Hence the equation is dimensionally consistent. 


2.4 We require the dimensions of 

_ R 

~ D2y2" 

R is the magnitude of a force and so has dimensions 
MLT~?. D is a length and has dimensions L. v is a 
speed and has dimensions L'T~!. For dimensional con- 
sistency we must have 


R 
l= |p| 
= [R][D]~? [e)-? 
=(MLT) xj" x(t y? aM. 


Hence, in SI units, cp would be measured in kg m~?. 


C2 


2.5 First let us consider the argument wt +¢ of the 
cosine function. Since ¢ is an angle, [¢] = 1. So for di- 
mensional consistency, we need [wt] = 1. Since [t] = T, 
we must have [w| = T7!. 

The argument of the cosine function is dimensionless, 
so [cos(wt + ¢)] = 1. Now [a] = L, so the equation is 
dimensionally consistent if [A] = L. 

(The above results are consistent with the symbol A 
representing an amplitude and w representing an angu- 
lar frequency.) 


2.6 We have 
1kg = 10° g 
and 


lem = 10°? m. 


Hence 


1k 
13.546 gem? = 13.546 g¢cm~? x ( z) 


; 108 g 
lcm 
x 
10-2 m 


= 13.546 x 107° x 10°kgm=3 
= 1.3546 x 10*kgm7?. 
So the density of mercury is 1.3546 x 104kgm7?. 


2.7 We have 

1lb = 0.453 592 kg 
and 

Lin = 2.54 x 107? m, 
Hence 


1lb 


. (254% 10-2m\ 
lin 


61.00 x 0.453 592 
~~ (2.54 x 10-2)? 
= 4,289 x 10*kgm~?. 
So the pressure on the piston is 42890 kgm~?. 


61.00 Ib in~? = 61.00 Ibin~? x (ST) 


kgm~? 


As mentioned in the marginal note, in the SI system, 
pressure is force per unit area, not mass per unit area 
— this arises because of the difference between mass 
and weight. So we should multiply the above answer 
by g, the magnitude of the acceleration due to gravity, 
to give a pressure of 4.289 x 9.81 x 104kgm7!s~? = 
420 800kgm7!s~?. 


2.8 Consider the dimensions of the terms on the left- 
hand side of the equation one-by-one: 
| z| fe) MEL pp 
P| [pl ML-* 


= L2 a 


Solutions to the exercises 


The equation is dimensionally inconsistent because the 
second term has different dimensions from the other 
two. It therefore seems likely that the second term is in- 
correct, and that its dimensions should be L? T~?. One 


form that would be consistent is Su’, rather than su. 


Note that the ‘constant’ on the right-hand side of this 
equation is not dimensionless. 


2.9 We have 


$1 
1 bolivi = 1 bolivi sO 
boliviano boliviano x (= oe 


£1 
= | = £0.074. 
« (ars) acini 


I approximated this exchange rate as 10 boliviano = £3, 
For example, I bought a memory card for my digital 
camera for 830 boliviano. I approximated this cost in 
£ as 84 x 2 = £63 (84 being divisible by 4). (The cost 
on my credit card bill was £61.59.) 


Section 3 


3.1 The dimensions of the quantities assumed to be 
involved are listed in the table below. 


Physical quantity Symbol Dimensions 


Time taken for one 


complete oscillation T T 
Mass of bob m M 
Length of pendulum stem l L 
Angular amplitude of 

oscillations ® 1 


Acceleration due to 


gravity g Le 


We wish to find an expression for the period 7 in terms 
of the other quantities. We assume that this expression 
takes the form 


tT=km* 1? ®7 g?, 
where & is a dimensionless constant. For this equation 
to be dimensionally consistent, we must have 


[7] = [k] [mn]* [21° [8)7 [9?. 
Hence 

T = M¢°L? (LT~2)° = M* LP? T-29, 
Equating powers of M, L and T on both sides of this 
equation leads to 
0=6+6, 1=-—206. 
Solving these equations gives 

a=0, £6 ot ) —}. 
Hence 

r= kl? g-V/? 67, 
We conclude that 


0O=a, 


7 = k(@) 11/2 g-¥?? = K(#) 7 


where k(®) is an (undetermined) function of ®. 
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3.2 The dimensions of the quantities involved in the 
situation are listed in the table below. 


Physical quantity Symbol Dimensions 


Drag force on sphere F MLT 
Speed of sphere v LT"! 
Radius of sphere Rf L 
Density of fluid p ML-3 
Viscosity of fluid m ML-!T"! 


We wish to find an expression for the drag force F’ in 
terms of the other quantities. We assume that this ex- 
pression takes the form 

F=kv%r® pp, 
where k is a dimensionless constant. For this to be di- 
mensionally consistent, we must have 

[F] = [] (ul (rl? fo}? [H)?. 
Hence 

MELT? =(LT-*)? 1 (M-*)7 (et 4? 

= M1+6 L,2+8-37-6 p-a-5 

Equating powers of M, L and T on both sides of this 
equation gives 

l= y+06, l=a+6-3y-5, 2=-a—o. 
We have three equations in the four unknowns a, 3, + 


and 6. If we let 6 = a, where a is an unknown parame- 
ter, then the solution to these equations is 


B=2-a, 6=a. 


oS 2 =a; y=1-a, 
Hence 


F= ky27% pee cm ue 


=kv'*r? p (4) 3 
urp 


We deduce that the general expression for the drag force 
is 


F= vr pi( 4) 
urp 
where f is an undetermined function. 


(Some alternative equivalent answers which you may 
have obtained are 


2 
pitt s( 2) at Fe onus () ) 
p LU Ll 
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3.3 The dimensions of the quantities involved in the 
situation are listed below. 


Physical quantity Symbol Dimensions 


Frequency of vibration of 


string Q Ni 
Mass of string m M 
Length of string l L 
Tension of string A MLT~? 


We wish to find an expression for the frequency Q in 
terms of the other quantities. We assume that this ex- 
pression takes the form 

Q= km? P RY, 
where fk is a dimensionless constant. For this equation 
to be dimensionally consistent, we must have 

[2] = [A] [ml (21° LAY, 
or 

pt Ss MeL ML yt a er ey, 
Equating powers of M, L and T on both sides of this 
equation leads to 


0=a+y, 0=6+%4, —1l=-—2%. 
The solution to these equations is 
a=-, B=-3, y= he 
Hence 


Q= km /2 T-1/2 Hi/2 
BYES 
ml 
where k is a dimensionless constant. 


3.4 The dimensions of the quantities involved in the 
situation are listed below. 


Physical quantity Symbol Dimensions 


Speed of water u | 7 Da 
Pressure difference across 

the pipe D ML-!T-? 
Length of pipe l L 
Diameter of pipe d L 
Density of water p ML-3 
Viscosity of water m MiL-*T- 


We wish to find an expression for the speed u in terms 
of the other quantities. We assume that this expression 
takes the form 

w= hp? Pat p* 2, 
where & is a dimensionless constant. For this equation 
to be dimensionally consistent, we must have 

6 

[ue] = [k] [el (1° [al Tel? (el? 
or 

Rt =(Mi SP ir a oe 

= Metéte 7, a+B+y—36 et 2a e 


Equating powers of M, L and T on both sides of this 
equation leads to 


O=at+dt+e, 1=-a+f+y-36-e, 
-l=-2a@- €. 
We have three equations in the five unknowns a, /, 7, 
6 and «. If we let y= a and ¢ = b, where a and b are 
unknown parameters (obviously, other choices are pos- 
sible), the equations become 


at+téd=-b, a+ @6-—36=1-a+5, 
—2a=-1+0. 
The solution to these equations is 


a= 5-450, B=-a—b, y= a, 
6=—-5-— 5), e=b. 
Hence 


= kp b)/2] a—b d@ p! 1—b)/2 pe 
= kp? 1/2 (1 Lg\e (p 1/2] 1h yim Ve 
r(¢) (cia) 
pl l/pp) ’ 
where a and 0 are arbitrary constants. We deduce that 
the general expression for the speed is 


_ [Pefd@ _B 
“Tire 


where f is an undetermined function of two variables. 


There are many alternative equivalent answers. The 
important factors in these answers are that: 


e the two variables of the undetermined function are 
both dimensionless; 


e the factor multiplying the function has the same 
dimensions as u, namely LT7!. 


Section 4 


4.1 Rearranging the two equations, the temperature 
differences are 
a 2 _e 
NteaA NairA 
In order to eliminate 0), we add these two equations to 
obtain 


1 1 
Oren 7 Osir 7 ri Ga. * =] ; 


and 0; = Oair = 


Hence 


if i 4" 
q= UA(Otea — Oair), where U = ( + ) , 


tea oir 


4.2 The dimensions of \ = UA/(mc) are 
[A] = [UA/(me)] 
= [U] [A] [m}~* [* 
= (MT~8@7?) x L? x M7! x (L?T7?.971)-1 
=T! 
recalling that a U-value U is measured in Wm~? K7~}, 
and a specific heat capacity c is measured in Jkg~! K7}. 


So the dimensions of the right-hand side of Equa- 
tion (4.6) are 


[A] (Otea = Oair| = a xO= To oO. 


Solutions to the exercises 


The dimensions of the left-hand side of the equation are 
[Pisa] lt] =O x T-*+=T~ 6, 


so the equation is dimensionally consistent. 


4.3 My list of the assumptions is as follows. 


(a) The change in the heat energy of the tea is given 
by Equation (1.1) of Unit 15, with c effectively constant 
over the range of temperatures considered. 


(b) We neglect any heat losses due to radiation. 


(c) We neglect any heat losses due to conduction and 
convection through the sides and the bottom of the cup. 


(d) The transfer of heat energy by convection can be 
modelled by Equation (4.1). 


(e) The tea (apart from a thin layer close to the sur- 
face) has a uniform temperature. 


(f) The surrounding air (apart from a thin layer close 
to the surface of the tea) has a uniform, constant tem- 
perature. (The assumption that the room temperature 
is constant is not actually necessary for our model until 
we solve the differential equation in Exercise 4.5.) 


(g) Over a short time interval, the steady-state model 
given by Equation (4.1) provides a good approximation 
of the rate of heat energy loss, and this approximation 
improves as the time interval gets shorter. 


4.4 (a) If Otea > Qair, I would expect the tempera- 
ture of the tea to be decreasing, i.e. dOtca/dt < 0. If 
Otea < Oair (for example, if I were drinking iced tea), 
I would expect dOtea/dt > 0. If Orca = Oair, I would 
not expect the temperature of the tea to be changing, 
80 dOtea/dt = 0. Furthermore, I would expect the mag- 
nitude |dOtea/dt| of the rate of change of temperature 
to increase as a result of any increase in the magnitude 
Orca — Oair| of the temperature difference. 


(b) Equation (4.6) says that the rate of change of tem- 
perature dO;.,/dt is proportional to the temperature 
difference (Otea — Oair), with a negative constant of pro- 
portionality. So this equation is consistent with all the 
statements in part (a). 


4.5 The differential equation can be solved by using 
the integrating factor method or the separation of vari- 
ables method from Unit 2. Using the integrating factor 
method, we first rewrite the equation in the form 

dO te: 

a 7 AO tea(t) = AO air: 

The integrating factor is p = exp(f Adt) = e*, and this 
leads to 


 Oralt) = [Arne dt = Orin +C, 


where C is an arbitrary constant. Rearranging gives 
Otea (t) = Oair —e Ce, 

Putting ¢ =O and using the initial condition 

Otea(0) = Oo, we obtain C = Oo — Oair. Hence the re- 

quired particular solution of the differential equation is 


Otea(t) = Oair + (Oo = Oair)e >. 
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4.6 The argument of the logarithm function on the 
right-hand side of the equation is dimensionless, as both 
the numerator and denominator of the fraction are tem- 
perature differences and so have the same dimensions. 
So the dimensions of the right-hand side are 
me 1 1 1)\—-1 
wal =P =P = (1) =7, 

using the calculation for the dimensions of \ in Exer- 
cise 4.2. The dimensions of the left-hand side of the 
equation are 


[7] =T, 

so the equation is dimensionally consistent. 

Note that if Equation (4.8) had been written in the form 
T = 27" (In(@o — Oair) — In(Or — Oair)) , 

we would not have been able to test for dimensional con- 


sistency because the arguments of the logarithm func- 
tions are no longer dimensionless. 


4.7 (a) Using Equation (1.1) of Unit 15, the accumu- 
lation of heat energy in the cup over the time interval 
is 


accumulation = mc (Orpacen lt + dt) — Ovwster(t)) , 


The heater supplies energy at rate Q. So, over a time 
interval of length dt, the amount of energy supplied is 
input = Q ot. 

Over a short time interval, the temperature of the wa- 
ter is approximately constant, so we can use the steady- 
state formula g = UA(Owater — Qair) for the rate of loss 
of heat energy by convection from the surface of the 
water. So, over the time interval, the approximate heat 
energy loss is 


output ~ q(t) ot ~ UA(Owater(t) — Oair) Ot. 


(b) The input-output principle applied to the heat en- 
ergy of the cup of water over the time interval [t, t + d¢] 
gives 

mc (Svein a ot) _ Owater (t)) 


~ Q dt — UA(Owater(t) — Oair) Ot. 
Hence 
Owater (t a5 ot) _ Owater (#) 
ot 
Q UA 
= Wie — (Cvatar(t) Oe), 
and taking the limit as dt — 0 gives 
dO water _ Q 
dt — me \(Owater Oair), 


where \ = UA/(mc). 


(c) Solving the differential equation by the integrating 
factor method, for example, gives the general solution 
Owater (t) = Oair , a Ce, 
Amc 
where C is aconstant. The initial condition Owater(0) = 
Oair gives C = —Q/(Amc), and the corresponding par- 
ticular solution is 


~6.4 44% 
Owater (t) ay Oair + Xe (1 e ). 
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(d) 


Owaier(t yA 


Oair 


oY 


The temperature increases from its initial value O,i, 
and asymptotically approaches the value 
Oair TF x 

This is in line with what I would have expected. The 
asymptotic value is the equilibrium temperature, at 
which the heat energy supplied by the heater just bal- 
ances the heat energy lost by the cup of water to the 
surroundings. 


(e) If it takes T seconds to reach a temperature of 
Or = 100°C, then we have 


=6.4 4-98 
Or = Onair + Xmelt € )s 


Rearranging this gives 
Amc 


T= <I (1 O (Or eux) 
= = In (1 ua (Or esx) 5 


since X = UA/(mce). 
(f) Using the given data, we have 
0.25 x 4190 
9.804 x 0.004 07 
nis (1 9.804 x 0.004 07 
350 
= 249.6 seconds. 


So the model predicts that it will take about 4 minutes 
10 seconds to boil the water in the cup. 


dhe 


(100 i7)) 


(g) The estimate from the model and the experimen- 
tal value differ by only fifteen seconds. So it looks as 
though we may have a reasonably good model this time. 


4.8 (a) This situation is analogous to that considered 
in Exercise 4.7, except that here we are assuming that 
the only mode of heat energy loss is convection from 
the surfaces of the tea-urn, so we need to replace U by 
the convective heat transfer coefficient h between the 
surfaces of the tea-urn and the surrounding air. Fur- 
thermore, the value of the area A must include the area 
of the curved sides of the tea-urn as well as the area 
of the lid. So the differential equation that models the 
variation of the temperature of the tea-urn is 


dO water = Q 
— = aes = A(Owater (t) = Ouiz), 


where \ = hA/(mce). 
(b) Using Solution 4.7, the required solution is 
Q At 
water (t) = ir ——(1.= . 
Owater(t) = Oair + Xm! ee’) 


If the time to reach a temperature Or is T, then we 
have 


mc hA 
i nA In (1 Q (Or en) : 


(c) The area of the curved sides of a cylinder of height 


HA and radius r is 27rH, and the area of the top of the 
cylinder is 7r?. Hence 


A =2nrH + cr. 
Here, r = 0.175m and H = 0.515m, so 
A= 2n x 0.175 x 0.515 + a x 0.175? = 0.6625 m?. 
Also, we have 
m=30kg, c=4190Jkg 1k}, 
h=10Wm’K7!, Q=3000W, 
Oair = 20°C, Or = 100°C. 
Using these data, 
30 x 4190 ( 


a 


10 x 0.6625 
10 x 0.6625 — 3000 (100 20) 
= 3688 seconds. 


So the model predicts that it will take about 3688 sec- 
onds, i.e. 1 hour 1 minute and 28 seconds, for the water 
in the tea-urn to reach boiling point. 


(d) This prediction is slightly less than the value given 
in the brochure, but not too much less. The discrepancy 
could be because the effects of radiation and heat loss 
through the base of the tea-urn have been neglected, 
and also perhaps because the value of the convective 
heat transfer coefficient may not be accurate. 


Solutions to the exercises 


Section 5 


5.1 We have \ = UA/(mc), so 
Ame 3.911 x 1074 x 0.25 x 4190 


— A 0.004 07 
= 100.7Wm’K"}. 
Also, 
A: _ 1 & 1 
U 7 fugiz Rien, 
so 
1 1 1 1 1 
=—-— = — — — = (0.007 935. 
Nair U shea 100.7 500 


Hence hair = 126.0 W m-? K~!. 

Therefore the experimental value for \ would arise from 
a value for the convective heat transfer coefficient from 
the tea to the air of 100.7Wm-?K~!, which corre- 
sponds to a convective heat transfer coefficient from the 
tea surface to the air of 126.0 W m7? K~!, which is out- 
side the range of values given in Table 3.1 of Unit 15. 
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Index 


absolute scale 88 

absolute zero 88 

absorption of radiation 111 
absorptivity 111 

ambient temperature 100 
Archimedes’ buoyancy force 136 


base dimensions 137 
base units 141 
black-body 111 


Celsius 87 

centigrade 87 

centre 25 

change of units for physical quantities 141 
classification of equilibrium point 28, 30 
combined heat transfer coefficient 105 
conduction 89 

convection 90 

convective heat transfer coefficient 101 
critical radius of insulation 120 


damped pendulum equation 34, 35 
derived units 141 

dimensional analysis 148 
dimensional consistency 137 
dimensionally consistent 139 
dimensionless groups 148 
dimensionless quantity 138 
direction field 8 


electromagnetic radiation 90 
emission of radiation 111 
emissivity 111 
equilibrium point 15 
centre 25 
classification of 28 
improper sink 28 
improper source 27 
linearizing a differential equation near 20 
saddle 12, 24 
sink 12, 23 
source 11, 22 
spiral sink 26 
spiral source 26 
stability of 16, 17 
star sink 27 
star source 27 
exchange of radiation 112 
exponential decay 8 
exponential differential equation 8 
exponential growth 8 
exponential model 8 


Fahrenheit 87 

flat rectangular slab 92 
forced convection 90 
Fourier’s law 94, 95 
free convection 90 


Index 


grey-body 111 
growth rate 7 


heat 87 

heat energy 87 

heat energy transfer 89 

heat transfer 89 

heat transfer for non-steady-state case 150 


improper sink 28 
improper source 27 
input-output principle 151 
integrating a vector 60 


Jacobian matrix 19 


kelvin 88 
Kirchoff’s law 111 


linearizing a differential equation near an equilibrium 
point 20 
Lotka-Volterra equations 13 


mathematical modelling process (or cycle) 125 


natural convection 90 
Newton’s law of cooling 152 


orbit 11 


path 9 

pendulum equations 33-35 

phase diagram 11 

phase path 11 

phase plane 11 

power rating 89 

predator-prey model 10, 12 

projectile 48 
achievable target 70 
air resistance 77 
equation of motion 57, 64 
horizontal launch 56 


impact 56 
in flight 56 
launch 56 


launch angle 65 

launch speed 57 

launch velocity 56 

maximum height 66 

maximum range 66, 72 

range 66, 72 

time of flight 56 

trajectory 56, 68 
proportionate growth rate 8 


quadratic model of air resistance 76 


radiation 90, 110 
rate of absorption of radiation 111 
rate of emission of radiation 111 
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Block 4 


rate of heat transfer 93 
R-value 104 


saddle 12, 24 
SI units 141 
simple pendulum equation 34 
sink 12, 23 
source 11, 22 
specific heat 88 
specific heat capacity 88 
spiral sink 26 
spiral source 26 
stable equilibrium point 16, 17, 23, 25-28 
standard temperature and pressure (STP) 88 
star sink 27 
star source 27 
steady state 93 
steady-state conduction 
through a uniform cylinder 98 
through a uniform slab 96 
steady-state heat transfer by conduction and 
convection 
across an air gap 105 
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through a uniform cylinder 108 


through a uniform slab 


104 


steady-state heat transfer by convection 101 


Stefan—Boltzmann constant 
Stefan—Boltzmann law 111 
STP 88 


temperature 87 
temperature gradient 94 


111 


test for when a particle leaves a surface 52 


thermal conductivity 94 
thermal energy 87 
thermal radiation 90, 110 
thermal resistance 104 


transient heat transfer 149, 156 


undamped pendulum equation 33, 35 


unstable equilibrium point 
U-value 104, 107 


vector field 9 


watt 89 


LG, 17, 22, OA, 26, a7 
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